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Abstract

Thermoelastic and Vibration Response Studies of Shape Memory Alloy

embedded Bimorph composites

In this thesis, the thermoelastic and vibration response analysis of four types of Shape

Memory Alloy (SMA) reinforced composites will be discussed. The experimental results

have been validated against the numerical results and the optimization of the structure

has been conducted using NSGA-II. The vision is to fill the gap for unconventional deploy-

ment methods by active shape and vibration control. The present investigation presents

an experimental analysis carried out on SMA based unimorph composite and SMA based

bimorph (two SMA layers) composite, fabricated in a novel in-house designedalignment

device and analysed using laser technology. On performing fabrication followed by me-

chanical tests of the SMA composites, the deflection about the transverse direction with

respect to change in SMA temperature, and the change in the natural frequency upon the

actuation of one or both of the SMA layers were obtained using the Laser Doppler Vibrom-

eter (LDV). The results obtained from the experimental modal analysis and simulation

involving temperature-dependent mechanical properties were found to be in close proxim-

ity. Further, the constitutive equations for the models have been presented, however, since

no closed-form solution exists, the finite element model (FEM) is chosen for further anal-

ysis. This study has then been extended to SMA reinforced composites with honeycomb

core and then to auxetic core. The Gaussian curvature of the synclastic and anticlastic

bending response of the composite upon SMA actuation has been analyzed and a new

composite to attain bimorph deformation through SMA embedding is proposed. In order,

to attain a customized SMA composite with a predefined vibration range and required

deflection, the SMA based design variables are identified formulating a multi-objective

optimization problem with conflicting objective functions and subsequently solved using

the Non-dominated Sorting Genetic Algorithm (NSGA-II). The eigenfrequencies of the

SMA composites are found to be coupled, the decoupling is carried out using the opti-

mization algorithm which can additionally interchange the corresponding eigenmodes by

input variable optimization. The obtained results indicate that varying the SMA vari-

ables can allow us to tune the smart composites to a wider range of applications. It

is envisaged that the experimental template integrated with FEM validation, and the

optimization algorithm is capable of laying the foundation for complex SMA embedded

deployable structures and active composites design.
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Chapter 1

Introduction

1.1 Motivation

The curiosity of the human race has led to great technological endeavours and driving

the exploration of heaven and the Earth. The quest for space exploration began in the

1950s when on Oct. 4, 1957, the first artificial satellite, Sputnik 1, was launched by the

Soviets into space, and today, as per the Union of Concerned Scientists (UCS) database,

we have 2,666 active satellites in space (April 2020 records). Satellites have not only

pushed the boundaries of telecommunication and navigation but have also enabled sci-

entists to monitor natural disasters and issue warnings, surveillance and security, scout

the planet for mineral reserves, and deep space imaging and understanding. Even with

varying objectives, space exploration is associated with a similar set of challenges such as,

expenditure on the development and testing and the cost of heavy payload. Hence, the

research for soft and lightweight inflatable space structures was pioneered by the ECHO

I and II experiments in the late 1950s and early 1960s by NASA LaRC [Elder (1995)].

However, several challenges were faced during the deployment, inflation, and rigidi-

sation of these structures; uncontrolled inflation and deployment were among the main

challenges and the risk of degassing due to space debris impact causing abrasion. Sev-

eral methods of deployment and inflation have been experimentally explored to overcome

these challenges, however, an absolute solution is yet to be achieved. This thesis presents

one such solution for the deployment and subsequent rigidisation of an inflatable toroidal

space structure for antenna support. We investigate shape memory alloy reinforced com-
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posites for this purpose and present experimental, numerical, and optimised model of

the same. The following section discusses the need and emergence of space inflatable

Gossamer structures and its evolution through technological advancements.

1.2 An envisaged application of Shape Memory Alloy

embedded composites: Gossamer Structures

The word Gossamer is borrowed from nature for space inflatable structures, given the

similarities in the material behavior of these structures with a thin film of floating cob-

webs. The ultra-lightweight and high modulus of elasticity of spider silk makes it a unique

material, thus inspiring several research applications. With an increased focus on space

exploration, the search for budget space programs became necessary, and reducing the

payload costs was an e↵ective method in this direction. Thus, the concept of compact

structures (later named as Gossamer space structures), which can be stowed during the

launch and deployed in space, thereby increasing their size manifolds, has become a focal

point of interest. These smooth and thin membrane inflatable structures reduce ther-

mal gradient in space and can withold heavy load over an extensive surface area even

with negligible inherent bending sti↵ness. They can without constraint also conform to

curved as well as complex surfaces, and with an optimised design, can aid in eliminating

distortions on surface acting in opposition to a continuous restoring inflation pressure.

The first successful demonstration of the inflatable structure technology was in the

1960s when NASA launched an inflatable Mylar balloon with a vapour-deposited alu-

minium layer- Project ECHO, a passive communications satellite for reflecting radio and

radar signal [Shapiro and Jones (1960)]. However, this concept was liquidated due to the

unwanted solar sail e↵ects experienced by the ECHO I and II missions and replaced by

technologically advanced OV1-8 PasComSat (Passive Communication Satellite) launched

by the United States Air Force in 1966. Following the success of these missions, the ap-

plication domain of Gossamer structure has expanded to antenna bases, solar sails, and

modular habitats at the International Space Station [Valle and Wells (2017)]. A detailed

timeline of the evolution of the Gossamer structures technology is shown in Figure 1.2.
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Figure 1.1: A gossamer spi-
der web has a higher Elastic
modulus than Nylon 6. The
Merriam-Webster Dictionary
defines Gossamer as- a film
of cobwebs floating in air in
calm clear weather. (Photo
by Tamas Tuzes-Katai on
Unsplash.)

In the realm of inflatable space structures, the toroidal configuration holds a discernible

position for structural support to communication antennas and solar sails. The double

curvature profile of a torus causes coupling between bending and stretching, thus pre-

venting large deflection when compared to other geometries [Sharma and Bhattacharya

(2019)]. The famous Inflatable Antenna Experiment (IAE) in the 1990s, demonstrated

and established the potential of a large, low-cost inflatable antenna structure [Freeland

et al. (1997)]. In a collaborative project under the IN-STEP (In-Space Technology Experi-

ments Program) between NASA and LGarde Inc., a deployable aluminized Mylar antenna

supported by Neoprene coated Kevlar torus of 14m diameter was launched on May 19,

1996 [Figure 1.3]. The canister with the stowed inflatable struts, torus, and the antenna

was opened and deployment was carried out by the floor plate loaded with springs. The

struts and the antenna supporting torus were inflated using nitrogen gas followed by the

tension and inflation of the lenticular reflector.

The success of the IAE experiment opened doors to a multitude of inflated torus-based

space applications such as the pressurised torus and multi-torus space habitat [Geuskens

et al. (2013)], and the Hypersonic Inflatable Aerodynamic Decelerator (HIAD) structure

[Young et al. (2017)]. Several space exploration agencies have carried out a series of exper-

3
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Introduction

iments on deployable membrane antennas; however, the longevity of these structures is yet

to be improved. Some other challenges for space inflatables that were established through

the IAE were unexpected dynamics during the ejection process, near-instant expansion

of the inflatables, uncontrolled and sequential inflation causing incomplete tension in the

lenticular structure, and finally, degassing due to leakage.

Figure 1.3: Photograph of the deployed inflatable antenna system from
Shuttle of the Spartan-207/IAE freeflyer (image credit: NASA).

The inflation and rigidisation of torus membrane structures pose several challenges

depending upon the method involved. The chemical rigidisation of deployable structures

is done by impregnating the membrane with photoinitiators and UV curable resins, which

rigidizes the structure in the desired shape upon deployment and exposure to sunlight

[Allred et al. (2002)]. However, the loss of process control and cure time due to shadowing

and the thermosetting nature of the photo-initiated materials limit this method to specific

applications.

Another inflation method proposed for future space applications is electrostatic in-

flation of the Gossamer structures. In this method, through active charge emission, the

structure is subjected to an electrostatic charge which leads to repulsive electrostatic

forces and subsequent inflation of the membranes into a partially rigid structure [Stiles

et al. (2010)]. For the purpose of self-repulsion and to negate the di↵erential forces due

to solar radiation and drag due to atmosphere and gravity, high potentials are required

to produce large electrostatic forces. The high potential requirement is one of the chal-
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lenges of this design. The electrostatic discharge can cause harm due to the di↵erentially

charged components. The conventional and current rigidization and inflation techniques

are explained in the infographic Figure 1.4.

Figure 1.4: Various rigidisation and inflation techniques used in conventional
space inflatable structures as well as the proposed technique.

The present thesis targets a novel inflation method using shape memory alloy (SMA)

embedded in composites to form elementary parts of a toroidal structure. As shown in

Figure 1.5, a toroidal structure is a combination of spherical, hyperboloidal, and cylindri-

cal surfaces caused due to the negative, positive, and zero Gaussian curvatures.1

To achieve these curvatures, we extract anticlastic and synclastic behavior from SMA

embedded composites of positive and negative Poissons ratio (⌫), respectively. For this,

we utilise the thermally actuated bending caused in the structure due to the shape mem-

ory e↵ect (SME) of the SMA fibers embedded at an o↵set. As we will see in the following

1In di↵erential geometry, the Gaussian curvature, K of a surface at a point is the product of the
principal curvatures, 1 and 2, at the given point: K = 12. [Taken from Pollard and Fletcher (2005)]
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chapters, embedding shape memory alloys in conventional composites gives us zero Gaus-

sian curvature, with honeycomb core gives us an anticlastic or saddle shaped behavior

corresponding to the negative Gaussian curvature, and with auxetic core gives a dome-

like or synclastic bending behavior corresponding to the positive Gaussian curvature (refer

Figure 1.13). Hence, we obtain the three major curvatures required to shape a torus. The

proposed approach also helps in the active shape and vibration control of the embedded

composite structures and allows process reversibility. In the next section, we discuss the

fundamentals of the shape memory alloy and the state-of-the-art of the SMA embedded

composites.

Figure 1.5: A toroidal structure is composed of postive, negative, and zero
Gaussian curvature points causing spehrical, hyperboloidal, and cylindrical
surfaces.

1.3 Shape Memory Alloys

Shape memory alloys are a unique class of metallic alloys that exhibit two very unique

characteristics- thermal shape memory e↵ect (SME) and superelasticity (or pseudoelastic-

ity). SMAs can be copper-based, iron-based, and the most popular one is titanium-based.

Upon thermal actuation the alloy transforms from its lower temperature martensite phase

to its higher temperature austenite phase. During this process, it recovers the imparted

strain and returns to its parent shape, thus ‘remembering its initial shape/dimension; this

is called the Shape Memory E↵ect (SME). SME was first discovered in the Au-Cd (Gold-
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Cadmium) alloy by Chang and Read (1951); however, the e↵ect gained popularity after

the discovery of SME in Nickel-Titanium alloys by Buehler et al. (1963), termed NiTiNOL

(Naval Ordinance Lab), that demonstrated larger shape memory e↵ect in comparison to

other existing shape-memory materials. Not only a 100% recovery of up to 8% strain was

observed, an over twice increase in Youngs modulus in the austenite phase in comparison

with the martensite phase was also seen. Figure2 1.6 shows the qualitative stress-strain

behavior of NiTiNOL and the e↵ect of temperature variation on the same.

Figure 1.6: Stress-Strain-Temperature diagram of shape memory alloys
showing Shape Memeory E↵ect and Superelasticity or Pseudoelasticity

The need for active control of mechanical properties and, consequently, the functional

performance of a structure is continuously growing, giving rise to a new class of syn-

thetic adaptive composites. With their superior characteristics like variable flexibility,

they prove to be e�cient in tailoring the static and dynamic responses of a system. These

useful variations in responses have been previously achieved by controlling the ply layup,

thickness, fiber volume-fraction, and fiber orientation of the composite. More recently,

the advances in smart materials involve combining the benefits of heterogeneity of exist-

ing conventional composites with self-adapting characteristics of reinforcement elements,

hence, conceiving a new domain of self-adaptive smart composites. Herein, we integrate

smart materials, like Shape Memory Alloys (SMA), piezoelectric fibers, and magnetostric-

tive nano-particulates, into the composite through embedding/reinforcing, making the

2In Figure 1.6, Mf ,Ms, As, and Af denote the Martensite finish, Martensite start, Austenite start,
and Austenite finish temperatures respectively.
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composites functional for vibration attenuation, shape morphing, damage sensing, and

self-healing. For instance, Bachmann et al. (2012) explore the enhancement of passive

damping of carbon fiber-reinforced composite (CFRP) by embedding shunted piezoelec-

tric material as well as SMA wires; Arrieta et al. (2013) explore a bi-stable wing-shaped

model actuated using piezoelectric composites.

Figure 1.7: The Reinvented Wheel by NASA
for the Mars Rover consists of NiTiNOL mesh
in austenite phase, thus able to bear large
stresses without undergoing plastic deforma-
tion. This behavior is also called Pseudoelas-
ticity.

Another method to achieve

structural control is through the

reinforcement of SMA into the

composite, bonding SMA to the

top laminate or by embedding

SMA wires in bonded sleeves,

even in some cases integrat-

ing the structure with SMA

springs. SMA integrated com-

posites are especially suitable for

applications that require large-

deformation morphing as well as

damping enhancement. Using

SMA as an actuator/sensor, we

utilize the phase change from

martensite to Austenite and vice-versa through temperature or stress-induced transfor-

mation. While some applications utilize the shape memory e↵ect, some use superelasticity

and some of the recovery forces generated during the phase transformation. Examples of

external SMA integration includes early work done by Loughlan et al. (2002), wherein

composites consisting of continuous SMA actuators within sleeves, running along the neu-

tral plane of the laminated plates, are analyzed for active buckling control; Machairas et al.

(2018) reported fluid-structure interaction of an adaptive airfoil actuated using 1D SMA

wires on a two-link adaptive mechanism. SMA wires embedded in ribs/sleeves attached to

a pre-stressed elastomeric composite are also utilized more recently in morphing automo-

tive fender skirts for drag reduction [Chillara et al. (2019)]. A unique category of SMA in-

tegrated carbon nanotubes (CNT) is explored by Fonseca et al. (2013), wherein the in-situ
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1.3 Shape Memory Alloys

polymerization and mechanical melt mixing techniques are employed for manufacturing

shape memory polyurethanes(SMPU) integrated carbon nanotube (CNT) nanocomposites

to attain shorter recovery time. Drive for the e�ciency of SMA for medical applications

have dominated the smart materials industry, successfully fabricating SMA based den-

tures [Miyazaki (1998)], SMA stents [Duerig et al. (1999)] and SMA based bone sca↵olds

by Bormann et al. (2013) for biocompatible load-bearing.

Especially with the advancement of soft robotics, SMA springs have gained more pop-

ularity due to larger displacement output compared to the SMA wires. Holschuh and

Newman (2014) have reported low spring index SMA coils for their implementation in

morphing aerospace systems. A combined bias spring-SMA wire actuator rotary manip-

ulator, as well as a controlling technique for the same, have been proposed by Narayanan

and Elahinia (2016), while an SMA bias-spring linear actuator model is presented by

Thomas et al. (2019) for optimal dimensioning of the system to maximize the stroke of

the actuator.

Figure 1.8: A thermally activated soft artifi-
cial muscle is actuated with embedded wires of
NiTiNOL and used for caudal fin locomotion
of a swimming robot [Bartlett et al. (2017)].

A study utilising SMA strips

was done by Bartlett et al. (2017)

involving the fabrication of SMA

strips to function as bistable

arches for wing chord morphing.

SMA strip has also found its

application in tunable resonators

in nanotechnology application by

Stachiv et al. (2017), where NiTi

SMA film is sputtered on single-

crystal silicon as the elastic sub-

strate material. Another notewor-

thy research in the design of tun-

able metamaterial beam utilizes phase transformation to achieve a considerable shift in

the elastic moduli of the resonators enabling active shifting of the bandgap over a tem-

perature range [Candido de Sousa et al. (2018)].
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1.3 Shape Memory Alloys

The academic community has extensively explored SMA embedded fiber-reinforced

composites (FRPs) [Cohades and Michaud (2018)]. Prior research substantiates the con-

jecture that embedded SMA in FRPs provides not only passive but also active damping

of a structure, enhance the impact and buckling properties, allow shape morphing when

embedded at an o↵set, and introduce self-healing bio-inspired processes [Meo et al. (2013),

Tao et al. (2006), Bertagne et al. (2018), Lee et al. (2018)]. SMAs have also found their

way into the textile industry, allowing morphing, self-fitting wearables [Ashir et al. (2019),

Granberry et al. (2019)]. Khalili et al. (2013) present a non-linear finite element model

for dynamic analysis of an SMA embedded composite plate embedded using a unified

formulation. A combined smart composite comprising of shape memory polymer (SMP)

and SMA wire is devised by Lelieveld et al. (2016) to achieve 90°bending deformation. A

general outline of the application domain of the SMAs is summarised in Figure 1.9.

A substantial amount of research in this field can be summarised into two major cat-

egories: Active Property Tuning (APT) and Active Strain Energy Tuning (ASET) to

modify the sti↵ness of the hybrid composite and for shape recovery purposes, respec-

tively [Bhaskar et al. (2020)]. APT is a method of modifying the e↵ective sti↵ness of the

composite using SMA residual and high actuation stresses. Some work has been done

by Hua et al. (2011), experimenting with the e↵ective negative coe�cient of thermal ex-

pansion (ECTE) of fibers like carbon fiber or Kevlar to attain structural stability over a

given temperature range. A similar strategy which was earlier explored using the negative

ECTE of SMA by Baz and Chen (1993) was utilised to improve the overall performance of

drive shafts embedded with SMA. The shape morphing behaviour without compromising

the structural sti↵ness is realised through the continuous embedding of SMA [Baz et al.

(1990), Pfae✏e et al. (1993), Paine et al. (1995)] in polymer composites. Similarly, active

and passive vibration control is also obtained through the strategic embedding of SMA

in various composite structures [Schetky et al. (1994), Bidaux, J.-E. et al. (1995), Epps

and Chandra (1997)]. For example, Lau (2002) investigate the frequency response of

SMA embedded composites over a temperature range and introduce a theoretical model

to capture this behavior. Damping is another reason for vibration control-based stud-

ies, Baburaj and Matsuzaki (1996) discuss their findings on numerical studies of specific

damping capacity (SPC) of SMA laminated composite plates.
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Apart from property tuning and shape morphing applications, SMA embedded com-

posites are also used for damage suppression, self-healing, and health monitoring purposes.

Kuang and Cantwell (2003) obtained localized SMA actuation detecting impact damage

in CFRP, and Saeedi and Shokrieh (2017) experimentally studied the e↵ect of pre-strained

SMA on fracture behavior of the polymer at di↵erent temperatures and with varying SMA

diameter. Similarly, SMA-based composites are also under a great deal of attention due

to their self-healing characteristics. Kirkby et al. (2009), in their work, demonstrated this

behaviour by combining microencapsulated liquid healing agent and SMA wires wherein

the SMA is actuated to pull the crack together and bind it using the healing agent. In

a more recent work by Karimi et al. (2019), the thermomechanical response of SMA is

converted to traction-separation response, thus presenting a numerical model for self-

healing behavior of SMA embedded composites. Finding the utility of SMA as a sensor

has opened new doors of exploration in the field of structural health monitoring. Nagai

and Oishi (2006) find a correlation between the strain in their composite and the variation

of electrical resistance in the embedded SMA wire, thus estimating the material damage

indirectly. Soon after this experimental work, Cui et al. (2010) proposed a mathemat-

ical model capturing the sensing function of the embedded SMA for structural health

monitoring.

In our work, we majorly explore the Active Property Tuning through vibration re-

sponse behavior of the SMAHCs and the Active Strain Energy Tuning through the shape

morphing behavior of embedded pre-strained SMA wires. In the next section, we will

discuss Auxetic structures, which are further explored in this thesis.

1.4 Auxetic Structures

Auxetic structures are solid structures with negative Poissons ratio (⌫), which in practice

implies that when the structure is stretched along one direction, it also expands along

all the other directions. Similarly, the structure upon compression, instead of its usual

behavior of expanding laterally, compresses [Figure 1.10]. Auxetic materials are of rapidly

increasing interest because of their unique behavior upon loading and also due to the scope

to tailor and enhance other material properties using auxeticity.

13



1.4 Auxetic Structures

Figure 1.10: Schematic diagram of posi-
tive and negative Poisson’s ratio upon ten-
sile loading applied to an undeformed bar
(dashed line) in the longitudinal (x) direc-
tion. a) Non-auxetic behavior- lateral con-
traction and longitudinal extension (solid
line). b) Auxetic behavior- longitudinal as
well as lateral extension (solid line).

One such example is the enhancement of indentation resistance. As we know, the

indentation resistance of an isotropic material is proportional to its Poissons ratio and

Youngs modulus by the formula- [(1�⌫
2)/E]�1, assuming a uniform pressure distribution

by the indentor Evans and Alderson (2000). From this, we can see that the indenta-

tion resistance of an auxetic material increases with increasing auxeticity or negative ⌫.

Another example of improved material property behavior of auxetic materials over non-

auxetic materials is the shear modulus. The shear modulus of an isotropic material is

defined as G = 3K(1�2⌫)/[1(1+⌫)], where K is the bulk modulus of the material. Given

the extreme versatility of the auxetic materials, their domain of applications has been

increasing continuously, from their use in smart wearables to reentrant honeycomb plies

as a sandwich core in composites and structural applications.

Even though the major ongoing research in the field is on artificial auxetic materials

and structures, there are some instances of auxeticity observed in naturally occurring

materials such as single-crystal materials like arsenic [Gunton and Saunders (1972)] and

cadmium [Li (1976)]. Negative Poissons ratio is theoretically permissible with an allowable

range of -1.0 to +0.5 based on thermodynamic considerations of strain energy in the theory

of elasticity. The existence of auxeticity in naturally occurring materials depends on the

high degree of anisotropy and is dominated by the coupling between stretching and shear

deformation. Since there is no law of conservation of volume, all auxetic materials obey

the law of conservation of energy Lakes (1987).

Some work has been initiated towards combining the properties of SMAs with auxetic

structures. Most of these works have been done in manufacturing auxetic structures
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from SMAs and studying their load-bearing capacity, sti↵ness tunability, deployability,

and morphing qualities [Hassan et al. (2004), Hassan et al. (2008), Michailidis et al.

(2009), Hassan et al. (2009), Rossiter et al. (2014), Neville et al. (2017), Kwon and

Roh (2019)]. Limited work has been carried out demonstrating the behavior of SMA

reinforced composite with honeycomb or reentrant-honeycomb (auxetic) core. Ghaznavi

and Shariyat (2017) have developed an analytical model to determine the non-linear

dynamic response of soft auxetic core sandwich plates with embedded SMA wires to

generate active damping, which has given the foundation to the latter part of the work

in this thesis.

1.5 Constitutive Modelling and Optmization

The literature surrounding the modeling of the shape memory alloys and auxetic struc-

tures is exponential in number; however, there are gaps explaining the behaviour of SMA

embedded composites with honeycomb and reentrant honeycomb core. Some work done

with SMA embedded composites and SMA embedded composites with auxetic core is dis-

cussed in Sections 1.3 and 1.4 respectively. One of the initial work done by Jia and Rogers

(1989) gives a mathematical model for SMA embedded composites by incorporating the

recovery force in the composite constitutive relation as a temperature-dependent resultant

force. This method was further advanced by Turner et al. (1994) and the constitutive

relations were defined for two separate temperature zones, when the temperature was be-

low Austenite start temperature (T < As) and when above Austenite start temperature

(T > As). These aforementioned works have formed the basis for the analysis of SMA em-

bedded composites for both analytical and numerical methods. More recently, the study

of SMA embedded composites has advanced to complex problems with impact loading,

thin-walled composite shells, double curved sandwich panels, and under hygro-thermal

loading.

The buckling and post-buckling responses of doubly curved SMA-based composites

were carried out by Karimiasl et al. (2019) where the structure was under hygro-thermal

loading. The shell considered here is assumed to be embedded in a distributed hygro-

thermal load in the x-y plane. The SMA-based composite problem has also been solved
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1.5 Constitutive Modelling and Optmization

through rigorous finite element analysis. In the buckling analysis done by Akbari and

Khalili (2019), a UMAT subroutine is integrated with ABAQUS wherein the properties

of the SMA fibers/wires are calculated using the Brinson (1993) model (discussed in

Chapter 5). Apart from the loading conditions and method of solving the constitutive

equations, plenty of work is done in analysing SMA-based composites of various shapes

and sizes. From tapered to curved beam, to plate, and to shell, the growing utility of

SMA-based composites has attracted a handsome amount of work in this emerging field.

One such interesting study by Lin et al. (2020) presents an analytical model for the non-

linear aeroelastic, flutter, and the random response of an SMA-based composite panel,

wherein the structure is subjected to the thermal-aero-acoustic coupled field.

Given the immense engineering opportunities opened up by these composites, it be-

came crucial to optimize the required applications structures. One of the earliest works in

this domain was done by Schmit and Farshi (1973), where they used the inscribed hyper-

spheres optimization algorithm to achieve minimum weight optimum design of laminated

fiber composite plates, subject to multiple in-plane loading conditions. Using Genetic

Algorithm (GA), Riche and Haftkat (1993) optimized the laminate stacking sequence

for buckling load maximization considering the contiguity and strain constraints. Sev-

eral optimization problems have been approached for adaptive composites and especially

SMA-based composites and/or SMA actuation-based morphing structures. Haghdoust

et al. (2017) optimized the shape profile of an SMA sheet in hybrid layered composite

structures designed for passive attenuation of flexural vibrations. In another work byLeal

et al. (2017), a continuous morphing aircraft wing is studied, and the design is optimized

to obtain a Pareto frontier to simultaneously minimize cruise airfoil average camber and

minimize shape di↵erence between morphed outer mold line and the landing shape. In

order to determine the optimal locations in truss structures, optimization techniques such

as genetic algorithms (GAs) and simulated annealing (SA) have been used for the cor-

rections of static deformations. Silva et al. (2004) used single objective binary-coded

GAs and determined optimum voltages needed to apply to the piezoelectric actuators for

achieving the desired shape.
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1.6 Research Methodology and Organisation

As discussed in section 1.2, a novel method for the inflation/rigidisation of a toroidal

structure is proposed in this dissertation, using a group of shape memory alloy reinforced

composites. The earlier part of the thesis includes:

• Material characterisation of NiTiNOL, E-glass fiber, and Silicone matrix reinforced

E-glass fiber.

• Design and fabrication of the single-layer SMA reinforced composite, and two-

layered SMA reinforced composite.

• The experimental thermoelastic bending and vibration response analysis of the SMA

composites.

Figure 1.11 gives a brief overview of Part I of the dissertation.

Figure 1.11: Summary of ‘Part I: Experimental analysis of SMA embedded
composites’.

Once the material characterisation and the experimental analysis of the fabricated

Shape Memory Alloy-reinforced Hybrid Composites (SMAHCs) is complete, we move to
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the numerical modeling of the same and validate the model. Hence, the middle part of

the thesis comprises of:

• Mathematical model of the SMA reinforced group of composites as well as the SMA

models such as Brinson [Brinson (1993)] and Turners Model [Turner (2000),Turner

et al. (1994)].

• The numerical modeling of the single and two-layer SMA reinforced composite as

well as the honeycomb and auxetic core SMA embedded composites.

• Parametric study of the change in SMA volume fraction on the bending and vibra-

tion response, and the e↵ect of change in reentrant angle of the honeycomb and

reentrant honeycomb core on the e↵ective material properties of the core, thereby

a↵ecting the bending and vibration response.

Figure 1.12: Summary of ‘Part II: Numerical analysis of SMA embedded
composites’, and ‘Part III: Structural Optmization of SMA embedded

composites’.

Finally, we present the multi-objective optimization study of the group of compos-

ites using the Non-dominated Sorting Genetic Algorithm (NSGA-II) [Deb et al. (2002)].
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Figure 1.12 gives a graphical representation of Part II and Part III of the thesis.

1.7 Closure

Due to the existing issues with the inflation technology and a gap in successfully utilising

it for space structures, as earlier discussed in this chapter, we explore the proposed method

of ‘inflation and rigidisation using SMA embedded composites to obtain the three major

Gaussian curvatures in a toroidal Gossamer structure. The main objectives of the thesis

are:

1. Material characterisation of SMA and parameter identification to be used as an

input in the numerical study.

2. To understand the thermoelastic and vibration response of the unimorph and bi-

morph SMA composites and to establish a proof-of-concept for the proposed idea.

3. Extend the work to obtain the essential negative and positive Gaussian curvatures

to complete the requirement of the proposal.

4. Optimize the problem to discard structures that do not satisfy the precondition and

drive the focus on the feasible and realizable structures.

In the present thesis, the SMAHCs are employed for the purpose of obtaining various

Gaussian curvatures of the torus, as shown in Figure 1.13. The single-layer SMAHC gives

a zero Gaussian curvature upon thermal actuation of SMA (embedded at an o↵set) by

Joule heating, the SMAHC with honeycomb core gives a negative Gaussian curvature

or anticlastic/saddle-shape, and the SMAHC with reentrant-honeycomb or auxetic core

gives a positive Gaussian curvature or synclastic/dome-shape behavior. Hence, combining

the three elements will help us form a complete toroidal structure after SMA actuated

deployment and rigidisation.
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Part I- Experimental analysis of Unimorph and

Bimorph SMA Hybrid Composites (SMAHCs)



Chapter 2

Mechanical Testing and Material

Characterisation

This chapter explores the material properties of the shape memory alloy and the com-

posite constituents- E-glass fiber and Silicone matrix. We find the Elastic modulus of the

SMA through temperature-controlled tensile testing and the recovery force through block

recovery test. SMA wires used in this study were procured from Dynalloy Inc. Since

Dynalloy had limited SMA wire properties data, we carried out material characterisation

aligning to the Turners E↵ective Coe�cient of Thermal Expansion (ECTE) model. The

characterisation based on other material models is beyond the scope of this work, hence,

not included in the material characterisation.

2.1 Parameters required for the ECTE Model

In order to construct Turners E↵ective Coe�cient of Thermal Expansion Model for SMA

embedded composites, we only require two fundamental temperature-dependent material

properties of SMA: 1) Recovery Stress and 2) Youngs Modulus. In the following sub-

sections, we will discuss the experimental setup we employ in this study to obtain the

temperature-dependent properties of SMA as well as the other composite constituents.
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Mechanical Testing and Material Characterisation

2.1.1 Block Recovery Test [�r]

With the help of National Aerospace Laboratories(NAL), Bangalore, we conducted the

Block Recovery Test of the NiTiNOL HT375 wire. A prestrain (initial strain) of 4.5% was

set in the wire before conducting the block recovery test. It has been reported by Turner

(2000) that with an increase in prestrain and mechanical constraint, the Austenite finish

temperature1, Af , also increases which were further observed during the experiment. In

other words, a higher temperature was required for completely recovering the strain.

The SMA wire was constrained in the crossheads of the tensile testing machine allowing

no deformation. Next, the voltage across the wire was increased using a voltage amplifier

from 0 V to 10 V with increments of 0.5 V and at each interval, the reading of the load cell

was noted down. After 10V is reached, the amplifier was turned o↵, and the crossheads

of the tensile testing machine were calibrated for the load cell zero reading. The tests

were repeated for cyclic analysis and with varying gauge lengths of 50mm and 100mm. At

this point, we observed that with an increase in prestrain and mechanical constraint, the

Austenite finish temperature kept moving further. We use the obtained data to calculate

the ECTE, ↵, from Turners model, discussed in Chapter 5. Figure 2.2b shows the ECTE

vs. temperature data, wherein complete phase transformation was observed at 66°C.

2.1.2 Temperature controlled Tensile test [Ea]

The elastic or Youngs modulus (Ea) of shape memory alloys is a function of temperature as

the alloy transforms from its martensite phase to Austenite phase upon thermal actuation,

Youngs modulus increases. Hence, a temperature-controlled tensile test is required to

obtain the varying modulus of elasticity of the SMA. Since the phase transformation

was observed at 66°C, Figure 2.2b shows the change in elastic modulus in the defined

temperature range.

1The temperature at which the alloy has transformed completely from its martensite (or R-phase) to
its Austenite phase upon heating. At and beyond this temperature, the alloy has zero martensite volume
fraction and is purely Austenitetenite.
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2.1 Parameters required for the ECTE Model

Figure 2.1: Tensile testing machine used for conducting temperature con-
trolled stress-strain analysis (left), and inside view of the temperature cham-
ber showing grippers holding a fixture mounted with NiTiNOL HT375 wire
(right).

Tensile tests were conducted in a controllable environment in the Tinius Olsen ma-

chine, as shown in Figure 2.1, with a temperature controlling chamber with a capacity

of 10KN load cell. The data from the machine is extracted via an integrated computer

that records the readings [Figure 2.2a]. As per the Standard Test Methods for Tension

Testing of Metallic Materials E8/E8M-11, the area of the material within its gage length

could not be reduced, which can cause the gripping forces to a↵ect the test. To avoid

this, a pair of simple fixtures were fabricated to tighten the wire and then fixed in the

crossheads, thus reducing the influence of screw tightening loads on tensile test results.
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Mechanical Testing and Material Characterisation

(a) Stress-strain curve of HT375
SMA wire, at 30°C

(b) Experimental data for tempera-
ture dependent e↵ective coe�cient of
thermal expansion and Youngs mod-
ulus of SMA.

Figure 2.2: Experimental data requierd for Turner’s Model. The sudden drop
in the graph at 66°C is attributed to the phase transformation from Martensite
to Austenite

The loading rate was 0.6 mm/min, and the heating rate of the temperature chamber

was 9°C/min. At room temperature, the specimen was loaded up to 30 N and unloaded

to 0 N. In the 2nd cycle, the specimen was loaded to 60 N, and in the third cycle, it

was loaded to 90 N before unloading. Finally, the specimen was loaded till failure, which

was found to be at 140 N, as shown in Figure 2.2a. The same set of steps were repeated

for varying temperatures. In Figure 2.2 we can see the cyclic loading-unloading data

for SMA at room temperature and the temperature dependant Youngs modulus. The

recovery stress and Youngs modulus values were obtained at discrete temperature points

and solved for ECTE2 through numerical di↵erentiation (refer to Chapter 5). Here, T

corresponds to temperature, ↵ to ECTE, and Ea is the temperature-dependent Youngs

Modulus of the SMA.

2The following equation from Turners model (Turner (2000)) is employed to calculate the e↵ective
coe�cient of thermal expansion for NiTiNOL. The discrete values of the recovery stress data are solved
using the cumtrapz function in Matlab to get the ECTE curve as shown in Figure 2.2b:

�r = �Ea

Z T

T0

↵1a(⌧)d⌧ (2.1)

25



2.2 Composite Mechanical Properties

Figure 2.3: Woven E-glass fiber (left) and E-glass fiber-reinforced Silicone
matrix (right) constrained in the Instron 1195 Universal Testing Machine. In
the case of Silicone matrix reinforced with glass fibers, the matrix is yielding
and deforming plastically while the fibers are continuing to stretch elastically.

2.2 Composite Mechanical Properties

To obtain the material properties of the woven E-glass fiber and its composite with silicone

laminate, a uniaxial tensile test was carried out on the Instron 1195 Universal Testing

Machine. The bi-axially woven E-glass fiber sample was of an area of 23.34mm
2, and

loaded axially at a strain rate of 2mm/min at room temperature, as shown in Figure 2.3.

The same test was carried out for a silicone laminated woven E-glass fiber specimen of

25mm
2 area and at a strain rate of 5mm/min. The strain rate was increased considering

the tensile properties of silicone. The results for the latter are compared against the

non-laminated fiber in the same Figure 2.4.

Initially, the glass fiber specimen is tested, attaining the peak stress of 10.71 MPa.

This is followed by subjecting the silicone laminated woven E-glass fiber to the tensile test

achieving peak stress of 28.38 MPa. Thus there has been about 165% increase in peak

stress capability as shown in Figure 2.4. This is due to the fact that the matrix is yielding

and deforming plastically while the fibers are continuing to stretch elastically since the

yield strength of the matrix is significantly lower than the tensile strength of the fiber.

Since there is always considerable variation in the fracture strength of brittle fiber
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materials, all fibers do not fracture simultaneously. Additionally, even after fiber failure,

the matrix still remains intact, and the fractured fibers, which are shorter than the non-

fractured ones, are still embedded inside the intact matrix and are hence capable of

sustaining a diminished load as the matrix continues to deform plastically. In the Silicone

laminated E-glass fiber composite, the volume fraction of glass fiber in the composite,

Vf , is 0.35, whereas for the matrix, Vm, is silicone, is 0.65. Since the sample was vacuum

degassed hence it is assumed that there are no voids. The results of the test are tabulated

in Table 2.1.

Parameter E-glass fiber
Composite

(E-glass fiber with silicone matrix)

Peak stress (MPa) 10.71 28.38

Peak load (kN) 0.25 0.71

Yield load (kN) 0.203 0.321

Table 2.1: Mechanical testing results for the woven E-glass fiber and E-glass
fiber reinforced silicone matrix

27



2.2 Composite Mechanical Properties

Material Property
Silicone rubber

Dragon Skin 20

Young’s Modulus (kPa) 3.38 ⇥ 102

Poisson’s ratio 0.49

Coe�cient of Thermal Expansion (10�6
/
�C) 250

Density (kg/m3) 1081.25

Service temperature range (°C) -53 to +232

Curing temperature Room temperature (23°C)

Cure time (hrs) 4

Specific gravity (gm/cm
3) 1.08

Specific volume (cm3
/gm) 0.925

Tensile strength (MPa) 3.8

Material Property E-Glass fiber (Woven)

Young’s Modulus (kPa) 72 ⇥ 106

Poisson’s Ratio 0.21

Coe�cient of Thermal Expansion (10�6
/
�C) 4.9

Density (kg/m3) 2600

Variety 13 MIL fiber glass fabric

Type of weave 4-H Satin

Thickness (mm) 0.35

Width (mm) 150

Construction
Warp: 48 threads/inch

Weft: 32 threads/inch

Weight per sq. mtr. (gms) 442.5

Breaking strength per 50mm
Warp: 336 kgs

Weft: 242 kgs

Material Property SMA wire

SMA Diameter 300µm

Resistance (⌦/m) 12.2

Recommended Pull Force (N) 12.55

Table 2.2: Manufacturer provided material properties of E-glass fiber (Azo
Materials, Asia), Silicone rubber (Dragon SkinTM 30, Smooth-On,

Pennsylvania, USA), and NiTiNOL wire (Dynalloy Inc.)
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Mechanical Testing and Material Characterisation

Figure 2.4: True stress-strain curves for woven
E-Glass fiber and Silicone laminated E-glass
fiber. A 165% increase in peak stress capa-
bility is observed.

The properties of the E-glass

fiber and the Silicone rubber used

in the simulation are specified

in Table 2.2. The E-glass fiber

was procured from Azo Materi-

als, Asia, and the Silicone rubber,

Dragon SkinTM 30, from Smooth-

On, Pennsylvania, USA. Using

these properties, we compute the

equivalent orthotropic properties

of the lamina. The requirements

to define the behaviour of a com-

posite are- volume fraction of the

fiber (Vf ), volume fraction of the matrix (Vm), Youngs Modulus of the fiber (Ef ) and the

matrix (Em), Poissons ratio of both fiber(⌫f ) and matrix (⌫m), density ⇢f and ⇢m, and

finally, the coe�cient of thermal expansion ↵f and ↵m. We assume that through vacuum

degassing, any voids created due to air entrapment are removed.

2.3 Summary

In this chapter, we have summarised all the necessary characterisation of NiTiNOL, a

shape memory alloy used for rigidisation of flexible structures. The obtained experimen-

tal values were used to calculate the negative ECTE of SMA required for the modeling of

the SMAHC using Turners model. Since the material properties of SMA are temperature

dependent hence, the block recovery and the tensile test were carried out in a temperature-

controlled environment. Next, the tensile tests of the woven E-glass fiber composite and

the woven E-glass fiber-reinforced silicone matrix are carried out on the Instron 1195

UTM. In the case of laminated composite, the fracture fibers remained embedded in the

plastically deforming silicone matrix, thus providing a diminished strength to the com-

posite. The material characterisation in this chapter forms the essential foundation for all

the analyses that follow in this thesis. The interesting behavior of fiber-reinforced silicone
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2.3 Summary

and the sudden drop in the coe�cient of thermal expansion upon phase transformation

of SMA are the characteristic finds of this chapter. In the coming chapters, we will use

these experimental values to calculate the e↵ective longitudinal and transverse composite

properties using the rule-of-mixtures and Halpin-Tsai formulations. Further, we will also

discuss other related mathematical preliminaries required for the mathematical formula-

tion and numerical modeling of the same.
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Chapter 3

Thermoelastic Response Analysis

Overview

For the evaluation of zero and negative Gaussian curvatures of the inflatable toroidal

structure, we fabricate two SMA embedded E-glass fiber-Room Temperature Vulcan-

ising (RTV) Silicone Rubber Silicone matrix composites- (1) single layer SMA fiber-

reinforced hybrid composite (unimorph SMAHC), and (2) a two-layer (cross-ply) SMA

fiber-reinforced hybrid composite (bimorph SMAHC). In this chapter, we report the fab-

rication and analysis of these active composite structures by evaluating the variation of

the curvature and the tip-displacement of the top fiber layer with respect to the change

in applied voltage to the SMA embedded at an o↵set. The composite showing the bi-

directional bending behaviour was fabricated by embedding NiTiNOL Shape Memory

Alloy wires in two layers, at 0°and 90°orthogonally. The study of the deflection1 motion

of the SMAHCs shows that with an increase in temperature of the SMA wire, the bending

curvature initially increases almost proportionally and finally reaches a constant steady

1Schematic illustration describing the deflection principle of the SMAHC:
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3.1 Specimen Fabrication

curvature, and the experimental results satisfy this condition. The second layer of the ac-

tive bimorph structure (ABS) system when actuated gives the composite a bi-directional

bending behaviour. The analysis was done using a single-point laser sensor in the case of

single-layer SMAHC and through image processing in the case of two-layer SMAHC.

3.1 Specimen Fabrication

An alignment frame device made of aluminium as shown in Figure 3.1 was designed using

AutoCAD, a Computer-Aided Designing (CAD) software, and fabricated to ensure that

during the curing of the composite, the wires stayed straight, aligned longitudinally, with

the desired spacing between them. The design consists of an enclosure with movable plates

inside to grip and strain the wires. This novel design is capable of embedding NiTiNOL

wires bidirectionally and orthogonally in separate layers of a composite. The CAD model

was submitted in the Central Workshop of the institute for its fabrication from aluminum

plates. The plates were cut using water-jet, and holes of recommended sizes were drilled,

followed by thread cutting. Finally, the entire model was assembled as shown in Figure

3.2.

The wire is kept between the vertically movable (and detachable) plates and fixed.

Then the horizontal slider plates are pulled back until the wire is taut and their motion

is constrained. M4 bolts are used for this purpose, and the thread length and grip length

are di↵erent in both directions and chosen to maintain the movable distance without

interference. A sample with a maximum dimension of 185mmx60mm can be fabricated

using this fixture; however, the size can be reduced by moving the adjustable plates.

Since the wire procured from the manufacturer was already pre-strained hence no memory

training was required.

For the first sample, as shown in Figure 3.3(a) of the glass-silicone host, one ply of

multi-axial fiber orientation (weave) E-glass fiber was laminated with silicone. The sample

was of the dimension of 60.61mm x 54.77mm x 1mm. The SMA wires were placed at a

distance of 3mm from each other on the top of the sample, strained using the moving

plates of the fixture. The straining is done to keep the wires taut, and it is made sure

that no further stretching is imparted to the pre-strained wire as discussed in Chapter
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2 the straining a↵ects the Austenite finish temperature. The SMA wire is 1m in length

embedded continuously in a digitated pattern.

The fixture with the sample was then placed in a vacuum degassing chamber and left

to cure for four hours at room temperature. No external load was applied during the

curing process, and the sample was cured under the vacuum pressure of 30mmHg. The

final thickness obtained was 1.04mm. The manufacture provided material properties of

SMA wire, silicone, and glass fiber are collated in Table 2.2. The same procedure was

then followed for the sample with two layers of SMA wire reinforcements. The SMA wire

embedded 3mm apart in this sample was of 300µm diameter. The ply configuration for

this sample was [SMA 00/E Glass/SMA 900/E Glass] in silicone matrix as shown in Figure

3.3(b). The sample, when removed from the vacuum degassing chamber, was cleaned of

extra silicone rubber displaced due to high degassing pressure. Finally, the loose ends

of the wire were cleaned and crimped to the wire connecting it to a 30V-2A DC supply.

The sample dimensions for the sample with two layers of SMA wire reinforcement were

62.28mm x 60.64mm x 2.24mm.

Figure 3.1: Computer-
Aided Design (CAD)
model of the alignment
frame device for the
manufacturing of the
unidirectionally and
bidirectionally embed-
ded NiTiNOL wires in
soft composites. A set
of vertically and hori-
zontally movable plates
are used to fix, align,
and make the wires taut
during the hand lay-up
manufacturing of the
SMAHCs.
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3.1 Specimen Fabrication

Figure 3.2: Manufac-
ture fixture/alignment
frame for the SMAHC
fabrication. Top view
(a) of fixture with em-
bedded composite and
front view (b) of fix-
ture. The fixtures has
two horizontally mov-
able and four vertically
movable and detachable
plates for the constrain-
ing of the SMA wires.

The entire setup to measure the voltage dependency of deflection of the sample is

shown in Figure 3.4. The sample was fixed on one side, and a single point laser displace-

ment sensor ILD1420 was focussed at the center of the sample tip to measure the vertical

displacement. The ILD1420 from Micro-Epsilon is a high measurement accuracy trian-

gulation sensor with measuring rates of up to 4kHz. The Active Surface Compensation

(ASC) characteristic confirms stable measurement results independent of the e↵ects of

surface colors or brightness, thus giving an intelligent surface regulation attribute. Its

optical system generates a tiny light spot which enables it to detect small components

accurately. It has a 500mm range and comes with a RS422 interface. The voltage data

from the DC supply was acquired using a single channel from dSpace CLP1103 and saved

using its inbuilt software dSpace Control Desk. The data acquisition of the sensor output

was done from its inbuilt software. A voltage splitter was used before sending the data
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Thermoelastic Response Analysis

directly into dSpace and Vin was calculated2 from the recorded Vout.

Four tests for the same sample were done, and the averaged result showed a linear

relationship between the voltage increase and the deflection obtained. The tests were

repeated for each set of five to prevent miscalculation and enhance the sensitivity of the

results. The results obtained from these experiments are discussed in the next section.

The same test was again conducted afterward, and through image processing (as shown

in Figure 3.5), the maximum deflection of the composite tip was calculated, which came

to be the same as obtained from the single-point-laser sensor data.

Figure 3.3: Schematic diagram of single-layer [(a)] and two-layer [(b)]
SMAHC. The NiTiNOL wires are embedded in a digitated pattern and ac-
tuated through Joule heating. The o↵set embedding causes the composite
bending upon SMA thermal actuation (thereby its contraction).

2Vout = ( R1
R1+R2

)Vin
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3.1 Specimen Fabrication

Figure 3.4: Experimental setup for the thermoelastic response analysis of the
single-layer SMAHC (left), and two-layer bimorph SMAHC (right). The de-
flection of single-layer SMAHC upon SMA thermal actuation by Joule heating
was observed using a sinle point laser sensor, whereas for the bimorph SMAHC
was investugated through image processing method.

Wire Diameter(µm) 250 300 375

Resistance(⌦/m) 18.5 12.2 8.3

Recommended Pull Force (N) 8.74 12.55 22.06

Table 3.1: Flexinol HT90 SMA Wire properties for 1m wire with 3-5% defor-
mation

We next conducted the tests on a silicone-glass composite embedded with two layers

of SMA wires as shown in Figure 3.3. On giving current to either of the SMA layer,
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the composite showed a bidirectional bending but with a di↵erent amount of deflection

depending on which layer was actuated. To understand this behaviour, we used image

processing, capturing images from the three free sides of the sample at a time for fixed

voltage points. The sample was fixed on one side perpendicular to the orientation of the

wire, which was being actuated.

Figure 3.5: Deflection profile of single layer SMA composite. Since the SMA
wire is embedded at an o↵set, its thermal actuation by Joule heating causes
the composite to bend. As SMA contracts, the compression and tensile forces
at either end of the thickness cause the bending. The SMAHC goes from the
initial position with no deflection(a) to a maximum of 45mm (f) (average)
deflection.

The experiment was set up as shown in Figure 3.4, where the images were captured
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from side3 A, B, and C when the second layer of embedded SMA was actuated, and side

D was fixed; also from the side B, C, and D when the first layer of embedded SMA was

actuated and side A was fixed. Due to the bi-directional bending of the sample, it was

not possible to record this behaviour using one or multiple single-point-laser sensors as

the data was inconsistent; the results obtained through image processing are discussed in

the next section.

3.2 Results and Discussion

3.2.1 Single layer SMA embedded smart composite

E-glass/silicone beam with low flexural rigidity was expected to show substantially high

deflection. Due to this fact, it was expected to also give a curvature hence forming a half-

cylindrical shape. An averaged deflection summary of all the tests is shown in Figure 3.6.

Figure 3.6a shows a typical tip-deflection time curve and the voltage-time curve for the

sample with single layer SMA wire. A reverse phase transformation was complete in 25-

28 seconds, and the maximum deflection obtained was an average of 45mm. The cooling

was allowed to happen naturally at room temperature. Since the service temperature

range of the silicone used as matrix is �530C to +2320C hence, the actuation of wire at

900C did not a↵ect the properties of the material. The shortest duration for the sample

to achieve an asymptote was around 21s. The voltage (V) and sample tip displacement

(d) relation is shown in Figure 3.6b and an equation defining the relation is obtained by

fitting the experimental data using the polynomial curve-fit in the Matlab curve fit app

plug-in. The equation corresponding to the deflection (in mm) behavior with respect to

3Schematic showing the details of the sides along the longitudinal and transverse direction:
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increasing temperature (as shown in Figure 3.6b), and 1
5 curvature is found as:

d = 0.089122 + 1.74709V + 0.09419V 2 � 0.02985V 3 + 0.00197V 4 (3.1)

(a) End tip deflection of single-layer SMAHC upon SMA Joule heating.

(b) Single-layer SMAHC deflection with respect to voltage.

Figure 3.6: Top fiber tip deflection of single-layer SMA embedded composite.
A maximum curvature obtained was 0.2 corresponding to 14V and an average
of 45mm deflection was observed in this case. A residual displacement of 5mm
was observed in the composite upon return with no external cooling caused
due to the sti↵ness of the E-glass fiber.

The voltage was increased linearly with two pauses at 12V and 14.3V. These pauses

were to verify the possibility of shape control in future work by controlling the voltage
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source and hence the current flow. The displacement shows a linear behaviour with respect

to voltage variation. An average of 4mm of residual displacement of the tip is observed

and is caused due to factors as sample rigidity, deformation of sample due to heating and

wire-composite debonding after multiple test cycles. Figure 3.7 shows the results obtained

from the image processing of the same sample. A set of pre-defined points were marked

along the edge of the sample and were tracked on the images in Matlab to measure their

displacements with respect to their initial position at multiple voltage points. A total of

5 di↵erent tip deflections of the sample were recorded, and a maximum of 45mm of tip

deflection was observed, which matched the results obtained from the single-point laser

sensor. The maximum voltage to which the wires were actuated was 14V, at which the

sample would maintain a constant deflection and curvature. The curvature calculated for

maximum deflection along x-direction comes out to be 1
5 corresponding to 14V.

Figure 3.7: Beam deflection profile with increasing volatge for single-layer
SMA reinforcement.

3.2.2 Two layers SMA embedded smart composite

The experimental setup for capturing the deflection behaviour of the sample shown in

Figure 3.4 is discussed in the previous section. The images were taken for seven di↵erent

voltages when the first layer of embedded SMA wire was actuated and for eight di↵erent
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voltages when the second layer of embedded SMA wire was actuated in the composite.

The final value was chosen upon observing that the deflection and curvature of the sample

were constant and did not change thereafter.

Figure 3.8: Schematic showing the thermal conductivities of the constituents
materials. In Case II, when the top SMA ply is actuated, the heat is dissipated
along the z-direction. This leads to losing heat to the surroundings, and the
second SMA ply is not actuated. However, when the second ply is actuated,
the trapped heat actuates the first SMA ply as well. Since the SMA wires
are embedded orthogonally, the motion is highly constrained, and hence a
diminished bimorph behavior is obtained.

The behaviour of the bi-directional SMA wire reinforced composite was interesting

since actuating the first layer of embedded SMA wire, which is laminated on the top and

could dissipate heat to the surroundings, led to lesser heat reaching the second layer of

embedded SMA wire, whereas when the second layer of embedded SMA wire was actuated

more heat was dissipated towards the first layer, it being embedded between glass fibers

on both sides and unable to dissipate heat to the surrounding (as shown in Figure 3.8).

This cause led to the behaviour change of the composite depending upon which layer of

embedded SMA was actuated. The sample showed a considerable bidirectional bending

and curving when the second layer of embedded SMA was actuated, hence Figure 3.10(f)

is of importance to us.

Figures 3.10(a) , 3.10(b), and 3.10(c) , show the top fiber tip deflection of the composite

when the first layer of embedded SMA is actuated and the result is captured from side

B, C, and D respectively (refer Figure 3.4). The trend of this result is very similar to the
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results obtained from the first sample consisting of single-layer embedded SMA. On side

B a maximum of 22.7mm of deflection was observed, whereas on side D it is reduced to

20mm, which is caused due to partial excitation of the second layer of embedded SMA

and hence pulling down of top fiber tip on side D in the process. But since the deflection

is only of 2.7mm hence the bi-directional behaviour observed in this case was not very

significant.

Figure 3.9: Bidirectional bending of the two-layer active bimorph SMAHC

Figures 3.10(d) , 3.10(e) , and 3.10(f) give the top fiber tip deflection of the composite

when the second layer of embedded SMA in the composite is actuated. As we can observe

in Figure 3.10(d) the maximum tip deflection obtained is of negative value, -8.8mm (in

the negative x-direction) when recorded from side A, but interestingly as the current

flow increases leading to an increase in the temperature of the embedded SMA wire

the deflection starts in the opposite direction due to the activation of the first layer of

embedded SMA wire as well. The final deflection observed is 3.3mm in the opposite

direction.

Figure 3.10(f) shows this bidirectional behaviour clearly, where the top fiber tip on

side A shows a deflection in negative x-direction whereas the top fiber tip on side B shows

a deflection in the positive x-direction. This is caused due to bending of the top layer upon

actuation of the first layer of embedded SMA as shown in Figure 3.9. Hence the sample

is first curved about its x-axis and then about the z-axis giving us an Active Bimorph

Composite Structure.
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Figure 3.10: Deflection profile of Active Bimorph Composite with two layers
of SMA reinforcement. (a) First layer (actuated) side B (image processing
data), (b) First layer side C, (c) First layer side D, (d) Second layer side A,
(e) Second layer side B, and (f) Second layer side C.
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3.3 Summary

3.3 Summary

The fabrication and the thermoelastic behaviour of single-layer SMAHC and two-layer

SMAHC active bimorphs are discussed in this chapter. The results of unidirectional and

bidirectional bending have been observed and recorded. The zero Gaussian curvature

was conveniently obtained from the active composite; however, the bidirectional bending

behavior shows considerably less bimorph behavior; hence, the negative Gaussian curva-

ture obtained is of a small value. The voltage control of the SMAHCs verifies the shape

control possibility of the active composites, thus allowing us a defined control over the

deployment and rigidisation of the toroidal element. The limitations of this structure

are in the continuous and optimum requirement of current based on varying resistance

of the wire, multi-layer insulation for space applications. Due to this reason, from the

design and commercialisation perspective of the SMAHCs, cyclic deployment and regidis-

ation are not suggested, and the proposed SMAHCs are suggested for single-time use. In

this chapter, we present the idea of bidirectional bending of SMA embedded composite.

The utilisation of orthogonal SMA embedding has not been explored for bimorph shape

control yet in the literature. Hence, this novel work provides a proof-of-concept for SMA

embedded smart bimorph composites. In the next chapter, we analyse the e↵ect of change

in voltage or the SMA wire temperature on the natural frequency of the structure. We

will also investigate the e↵ect of the electrical connection of the two-layer SMAHC’s SMA

wires on the natural frequency of the system.
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Chapter 4

Free Vibration Response Analysis

Overview

The control of sti↵ness and hence the dynamic response of deployable structures can also

be achieved through smart material-based actuation mechanisms such as the proposed

SMAHCs. Selection of appropriate smart material hinges on the requirements of the

speed of actuation, actuator bandwidth, and force requirement. This chapter presents the

study of the vibration modes of the bimorph SMAHC with controlled current input. The

SMAHC consists of two layers of SMA reinforcements with 0°and 90°orientation angles

placed orthogonally in alternate plies. The temperatures of these layers are raised through

Joule heating, first individually and then followed by combined actuation, where the cur-

rent supply is controlled using a programmable DC supply. As the material properties of

SMA are temperature dependent, we observe thermal contraction and a resulting increase

in laminate sti↵ness. The change of compliance at multiple step-input currents contributes

to variation in the natural frequency, which is recorded using a 3D laser Doppler vibrome-

ter (LDV). This study gives us a deep insight into the application of SMA-based bimorph

composites for active damping and vibration control subject to varying temperatures.

4.1 Experimental setup

The experimental setup for the modal analysis of the bimorph SMAHC (Case II) is

schematically illustrated in Figure 4.1. The specimen was excited using the pseudoran-
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4.1 Experimental setup

dom signal due to its high signal-to-noise ratio, controlled frequency content, and short

test measurement time. The excitation signal was transferred to the function generator

(PCI-6111) and then to the power amplifier (PA25E-CE, BRUEL & KJAER). This signal

is then passed into the electromagnetic shaker (LDS-V201) for vibration actuation of the

bimorph SMAHC. The shaft tip of the shaker is attached to a force transducer (11- Hon-

eywell) to minimize interference and have a point excitation unidirectionally. The force

transducer is glued to the SMAHC so that there is minimum loss of the input signal due

to leakage. The dynamic response is then captured by the 3D-Laser Doppler Vibrometer

(LDV- PSV-400, Polytec).

Figure 4.1: Block diagram for bimorph SMAHC modal analysis along with
the actuation setup and sensing mechanism.

LDV is used for vibration measurement and works on the principle of the Doppler

e↵ect and interferometry. It detects the frequency change of the light scattered back from

a vibrating object. It sends a monochromatic Helium-Neon laser beam of wavelength

633nm towards the target and receives the reflected beam. According to the Doppler

e↵ect, the change in the observed wavelength of the received beam is dependent on the

relative velocity of the targeted object. Then, using the formula �f/f = v/c, we calculate

the velocity of the vibrating surface. Here, f is the frequency of the beam incident on

the surface, �f is the observed change in reflected frequency, c is the speed of light, and

v is the velocity of the vibrating surface which can now be calculated. Using the velocity
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Figure 4.2: Schematic of basic components of LDV scanning head. Source-
Wikipedia Public Domain- no copyright image.

and the wavelength (v = f.�) of the beam, we calculate the frequency of the specimen. A

beam splitter splits the initial laser beam of frequency fo into a test and reference beam.

The test beam passes via the Bragg cell that utilizes the acoustic-optic modulation e↵ect

to di↵ract and provide the required high-frequency carrier signals (fc > fo). Next, the

frequency-shifted beam (fc +fo) is incident on a pulsating surface, adding a Doppler shift

to the beam that can be expressed as:

fd = 2v(t)cos(�) = � (4.1)

where, v(t): vibrating surface velocity as a time-function; �: angle between the laser

beam and the velocity direction; and �: wavelength of the laser beam. After hitting the

target location, the light gets scattered in all directions, which allows the LDV to collect

a portion of it, and the beam splitter directs the same to a photodetector. This frequency

of light (fo + fb + fd) interferes with fo- the reference beam, in the photo-detector. When

the path di↵erence is an integral multiple of the beam wavelength, constructive interfer-

ence happens, and when the path di↵erence is an odd multiplier of � = 2, destructive

interference occurs. Hence, the motion of the vibrating surface generates a dark-bright

fringe pattern on the detector signifying the displacement of the test location as exactly

half the laser wavelength. The signal is demodulated to obtain the variation in velocity

with time.
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Figure 4.3: Experimental setup- (a) 3D Laser Doppler Vibrometer, (b) LDV
software showing the assigned response points, (c) Bimorph SMAHC speci-
men placed horizontally on the electromagnetic shaker, and the incident laser
beam.

A fine layer of developer is sprayed over the top surface of the bimorph SMAHC to

reflect the laser beam incident at the predefined response points. The aligned 3D LDV,

the selected multiple response points in the LDV software, and the specimen-shaker setup
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are shown in Figure 4.3. Finally, the specimen is connected to a programmable DC supply

(PSW 80-27, GWINSTEK), with a maximum 80V - 20A supply of voltage and current,

respectively. A step-function is defined and generated in .cvs format and supplied to the

programmable DC through USB input.

Figure 4.4: Current input function generated
using the programmable DC supply.

The results were recorded by

thermally actuating the SMA lay-

ers through Joule heating, sepa-

rately and individually, and then

together. The cases for which the

natural frequency of the bimorph

is recorded are (1) thermal actua-

tion of SMA layer with 0°fiber ori-

entation angle, (2) thermal actu-

ation of SMA layer with 90°fiber

orientation angle, (3) thermal ac-

tuation of both the SMA lay-

ers when SMA wires are con-

nected through series connection,

(4) thermal actuation of both the

SMA layers when SMA wires are connected through parallel connection.

4.2 Results and Discussion

The natural frequencies for the cases as shown in Figure 4.5 are recorded and discussed

in this section. We consider the aforementioned four cases for the analysis of the natural

frequency of our bimorph SMAHC. All the cases are, however actuated using the same

current input function.

Figure 4.4 shows the variation of input current with respect to time. The highs

in the graph indicate the actuation cycle or the heating cycle of the SMA wire, while

the lows indicate the cooling cycle. The heating of the embedded SMA wires causes

contraction in the wire due to its characteristic negative coe�cient of thermal expansion.
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This contraction, in turn, bends the composite with it when its motion is restricted since

it is placed at an o↵set, which causes bending of the composite. The purpose of cooling is

to bring the composite back to its initial position. The processed data from LDV is taken

at the constant current line, and the total time duration for each case is 50 minutes.

Figure 4.5: Schematic of SMA layer actuation cases: thermal actuation of-
(I) SMA layer with 0°fiber orientation angle, (II) SMA layer with 90°fiber
orientation angle, (III) both the SMA layers when SMA wires are connected
through series connection, and (IV) both the SMA layers when SMA wires
are connected through parallel connection.

Figure 3.9 shows the maximum bimorph bending of the specimen observed experimen-

tally when the SMA wires embedded at 90° are actuated and maintained at the current

corresponding to maximum deflection, which was recorded as 1.5A. A more detailed anal-

ysis of the deflection behavior and the deflection-temperature relation for both a unimorph
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and a bimorph has been discussed in Chapter 3.

4.2.1 Case I: Thermal actuation of SMA layer with 0°orientation

angle

Figure 4.6: Natural frequency of the bimorph SMAHC with varying SMA
layer actuation and series/parallel connection. Case I- when SMA layer with
0°orientation angle is actuated, Case II- when SMA layer with 90°orientation
angle is actuated, Case III- when both SMA layers are actuated with series
connection, and Case IV- when both SMA layers are actuated with parallel

connection. The dependence of the ferquency is also plotted against the
velocity of the structure; thus a minimum value of zero is shown in the figure.

The average change in the natural frequency of the structure with respect to the increase

in current input is shown in Figure 4.6- Case I. The experimental results indicate that
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with the increase in current in the SMA wire, the natural frequency of the composite

increases. This is because as the current value increases, the phase transformation from

martensite to Austenite begins, causing an increase in the elastic modulus of the wire.

Rise in temperature and the elastic modulus increase the overall sti↵ness of the struc-

ture, thus increasing the natural frequency. The elastic modulus of the SMA wire is

inversely proportional to the martensite fraction, which is a function of temperature.

This inverse relationship can be understood by plotting elastic modulus vs. martensite

fraction, as shown in Figure 4.7. There is no direct relation showing this inverse rela-

tion, hence this plot is obtained using the Brinson model Brinson (1993), which gives an

iterative solution for the stress-strain relationship:

� = �0 + E(⇠).✏� E0(⇠).✏0 + ⌦(⇠).⇠s � ⌦0(⇠0).⇠s0 + ⇥.(T � T0) (4.2)

Here, the subscript 0 denotes initial conditions, �, is the stress, E(⇠) is Youngs modu-

lus, ✏ is the strain, ⌦(⇠) is transformation tensor, ⇥ is the thermal coe�cient of expansion,

and ⇠s is the stress-induced martensite fraction. The algorithm to obtain Figure 4.7 and

the material properties used by Brinson model are given in Chapter 5 and Table 5.1

respectively.

Figure 4.7: Young’s modulus as a function of total martensite fraction
(stress-induced + temperature-induced), plotted from Brinson’s model Brin-
son (1993).
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4.2.2 Case II: Thermal actuation of SMA layer with 90°orientation

angle

The test results of the 90°orientation angle SMA layer actuation is shown in Figure 4.6-

Case II. As compared to Case I, higher natural frequencies are observed in this case. The

layer actuated in this case is sandwiched between other layers, unlike the previous case

where the top layer is actuated, this gives a larger resistance to the movement of the

embedded wire. Hence the overall sti↵ness is increased since very little energy is lost in

the bending motion of the composite (a considerably small bending is observed in this case

as previously reported in Chapter 3. Another observation we made in this test is when

the top layer (Case I) is actuated, the heat is either utilised in SMA wire actuation or

dissipated to the environment; hence, little to no actuation of the second layer happens.

However, in this case (Case II), since the heat is trapped between layers, the heat is

dissipated to the top layer, causing it to actuate as well. This results in bidirectional

bending, and hence, a higher natural frequency is observed.

4.2.3 Case III: Thermal actuation of both the SMA layers when

connected in series

The test results of the actuation of two SMA layers in series connection are shown in

Figure 4.6- Case III. As we can see, the natural frequency of the bimorph SMAHC has

considerably reduced and remains constant for 0A and 0.5A and then again for 1A and

1.5A. This behavior is caused due to simultaneous excessive heating of the composite,

which softens the polymer matrix, thus reducing the overall compliance of the structure.

The silicone matrix loses its sti↵ness with increasing temperature caused due to increased

resistance due to its viscoelastic behavior. Also, excessive heating is causing the structure

to bend in two orthogonal directions by actuation of both the SMA layers simultaneously;

thus, an interfering bending in orthogonal directions is causing the natural frequencies to

be closely distributed. Since the resistance of the wire increases every 1m (refer to Table

2.2) and each layer consists of 1m of wire, connecting them in series increases the total

resistance and contributes to lower overall deflection.
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4.2 Results and Discussion

4.2.4 Case IV: Thermal actuation of both the SMA layers when

connected in parallel

The results for the parallel connection are shown in Figure 4.6- Case IV. Due to the

distribution of the current, lesser heating due to lesser resistance for the same current

value is obtained. The results for the natural frequency from this case agree with the

previous trend observed in cases- I and II. A higher natural frequency is observed as

compared to a series connection case, and a continuous rise is also observed. However,

the natural frequencies are still quite closely separated. Thus, there are two competing

actions taking place in the composite- one is an increase in sti↵ness due to the contraction

of SMA wires, while the other is a decrease in sti↵ness due to excessive heating and increase

in viscous behavior of the polymer matrix. Clearly, from the results, in the actuation of

SMA wires in series and parallel, the latter is overriding the e↵ect of the former.

A compilation of the average natural frequencies (average of five sets of experiments)

obtained through all the cases is graphically compared in Figure 4.8a and also collated

in Table 4.1. A percentage increase in the average natural frequency, with an increase in

current input, is shown in Figure 4.8b. The maximum rise in average natural frequency is

observed in case II, wherein the SMA layer with 90°orientation angle is thermally actuated.

The large di↵erence in average natural frequencies, in this case, causes decoupling, and

hence the structure can be utilised for wider frequency range applications.

Current (Ampere) Frequency (Hz)

0° SMA

Case 1

90° SMA

Case 2

Series SMA

Case 3

Parallel SMA

Case 4

0 35.63 35.63 35.63 35.63

0.5 36.88 36.25 35.63 37.50

1 40.63 45.63 36.25 39.38

1.5 43.13 48.75 36.25 40.63

Table 4.1: Input current vs natural frequency result for all the four cases.
Case I: 0 SMA actuation, Case II: 90 SMA actuation, Case III: Series SMA

actuation, Case IV: Parallel SMA actuation.
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Free Vibration Response Analysis

(a) Change in natural frequency with respect
to current input- a comparison of all considered
cases.

(b) Percentage increase in the average natu-
ral frequency of the bimorph SMAHC with in-
crease in current input.

Figure 4.8: Summarising the change in natural frequency with increase in
SMA temperature. Case I: 0°SMA, Case II: 90°SMA, Case III: Series connec-
tion, Case IV: Parallel connection. Note- Each frequency shown is an average
of five sets of experiments with error within 5%.
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4.3 Summary

4.3 Summary

The fabrication and the modal analysis of the active bimorph composite structure are

presented in this chapter. Changes in the natural frequencies of the composite for four

cases of actuation have been listed for di↵erent current input values. A common trend

can be seen across all four cases in which an increase in the natural frequency of the com-

posite is observed with an increase in the value of supplied current. This is caused due

to a subsequent increase in the elastic modulus of the embedded SMA wire due to Joule

heating. Also, the pre-strained SMA wires induce high tensile stress into the bimorph

SMAHC and contribute to the increase in the natural frequency upon thermal actuation.

At higher thermal input to the composite (when both the SMA layers are simultaneously

heated), which is typical to series and parallel connection, a competing factor of simul-

taneous excessive heating of the composite also comes into play to influence the natural

frequencies. Utilising these observations, we develop structures embedded with multiple

layers of SMA plies, varying but optimising the SMA fiber orientation angles. Depend-

ing upon the requirement of the condition, an individual, a pair, or multiple plies, when

actuated, will result in an active shift in the natural frequency and the eigenmodes of

the structure. The optimisation study of the same is shown in Chapter 7. The unique

contribution that we make in this chapter is finding the dependency of the natural fre-

quency of the SMA bimorph on the voltage input, selection of SMA ply actuation, and the

SMA wire connection of both layers. This observation gives a vital insight into the vibra-

tion control of these structures and further widens the field of SMA bimorph composites

through vibration control and variable natural frequency.
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Chapter 5

Constitutive Models and

Mathematical Formulation

Overview

In this chapter, we discuss the constitutive models describing the thermoelastic behavior

of shape memory alloys and shape memory alloy-based hybrid composites. We also discuss

the mathematical formulation of the previously discussed SMAHCs and SMAHCs with

honeycomb and reentrant honeycomb core. Some mathematical preliminaries such as the

rule-of-mixtures, the Halpin-Tsai equations, and the homogenization of honeycomb and

reentrant honeycomb lattice structures are also discussed. The Brinson model [Brinson

(1993)] is presented for the constitutive modeling of the shape memory alloy and the

Turners model [ Turner et al. (1994), Turner (2000)] for the SMAHCs. The mathematical

formulation is based on the classical laminated plate theory, and no shear lag is assumed

for the proposed cases.

5.1 Brinson 1D Constitutive Model

Several quasi-static and uniaxial constitutive models for the one-way shape memory ef-

fect exist to understand the thermomechanical behavior of shape memory alloys. These

models are majorly classified into three categories: phenomenological macromechanics

models, thermodynamics-based micromechanics models, and micromechanics-based hy-
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Constitutive Models and Mathematical Formulation

brid macromechanics models. One of the most popular quasi-static macroscopic phe-

nomenological constitutive models is the Brinson 1D model [Brinson (1993)]1. In this

model, strain, martensite volume fraction, and temperature are assumed to be the only

state variables and the material in thermodynamic equilibrium at each instant. The stress-

induced martensite at all temperatures is captured and is divided into two components-

stress-induced and temperature-induced martensite fractions.

⇠ = ⇠s + ⇠t (5.1)

The temperature induced (⇠t) and the stress induced (⇠s) martensite volume fractions

give the amount of detwinned martensite (single variant) caused due to loading, and the

amount of martensite (all variants) occuring from the reversible phase transformation

from Austenite present in the wire respectively. The sum of the both components is

always 1. The SMA constitutive equation for non-constant material functions can be

written as:

�r � �ro = E(⇠)✏� E(⇠o)✏o + ⌦(⇠)⇠s � ⌦(⇠o)⇠so + ⇥(T � To) (5.2)

Where, subscript ‘o’ denoted the initial condition, ⌦, ✏, and ⇥ are the phase transfor-

mation tensor, strain, and thermoelastic tensor, respectively, and ‘r’ subscript denotes

recovery.

For Austenite to Martensite (A-M) transformation the equations that give the martensite

fraction are [Chopra and Sirohi (2013)]:

1Schematic of phase transformation and detwinning in shape memory alloys. (a) twinned pure marten-
site, (b), (c) detwinned martensite, (d) pure Austenitetenite.
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5.1 Brinson 1D Constitutive Model

For T > Ms and �
cr
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+ CM(T �Ms) < � < �
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+ CM(T �Ms),

⇠s =
(1 � ⇠so)

2
cos

"
⇡

�cr
s
� �

cr

f

(� � �
cr

f
� CM(T �Ms))

#
+

(1 + ⇠so)

2
(5.3a)

⇠t = ⇠to �
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1 � ⇠so
(⇠s � ⇠so) (5.3b)

And, for T < Ms and �
cr

s
< � < �

cr

f
,

⇠s =
(1 � ⇠so)
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⇡

�cr
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(1 + ⇠so)
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(5.4a)

⇠t = ⇠to �
⇠to

1 � ⇠so
(⇠s � ⇠so) + �T ⇠ (5.4b)

Here, if Mf < T < Ms and T < To �T ⇠ = 1�⇠to

2 [cos(aM(T �Mf )) + 1], else �T ⇠ = 0.

Now, for Martensite to Austenite(M-A) transforamtion the equation that give the marten-

site fraction are:

For T > As and CA(T � Af ) < � < CA(T � As)

⇠ =
⇠o

2
cos


⇡

(Af � As)

✓
T � As �

�

CA

◆
+ 1

�
(5.5a)

⇠s = ⇠so �
⇠so

⇠o
(⇠o � ⇠) (5.5b)

⇠t = ⇠to �
⇠to

⇠o
(⇠o � ⇠) (5.5c)

Where, Ms: martensite start temperature, Mf : martensite finish temperature,As:

Austenite start temperature, Af : Austenite finish temperatures, �cr

s
: critical stress start,

�
cr

f
: critical stress finish (transformation from twinned to detwinned martensite), CM :

stress influence coe�cient for the martensite phase, CA: stress influence coe�cient for the

Austenite phase. In this model the Young’s modulus of the SMA is taken the same as

given by Tanaka (1986):

E(⇠) = EA + ⇠(EM � EA) (5.6)
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Constitutive Models and Mathematical Formulation

Here, EM and EA are the Young’s modulus of the SMA in the Martensite and the Austen-

ite phases respectively. Also, the phase transformation tensor at a fixed value of ⇠, ⇠0 is

written as:

⌦(⇠) = �✏LE(⇠) (5.7)

To verify that the recovery stress satisfies the Brinson Model, we reproduced major plots

from the Brinson model using the material properties as given by Brinson (1993), and are

added here:

Moduli

EA = 67 x 103 MPa

EM = 26.3 x103 MPa

⇥ = 0.55 MPa/°C

Transformation Temperatures

Mf = 9°C

Ms = 18.4°C

As = 4.5°C

Af = 49°C

Transformation Constants

CM = 8 MPa/° C

CA = 13.8 MPa/°C

�
cr

s
= 100 MPa

�
cr

f
= 170 MPa

Maximum Residual Strain

✏L = 0.067

Table 5.1: SMA material properties used for the Brinson (1993) model.

Figure 5.1 shows the stress-strain relationship we get through the reproduced model

plotted against Brinsons result, Figure 5.2(a) gives the martensite fraction v/s stress rela-

tion, Figure 5.2(b) gives the change in residual strain when the temperature is increased.
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5.1 Brinson 1D Constitutive Model

Figure 5.1: Stress-strain curves for varying temperatures obtained plotted
against Brinson Model

Figure 5.2: Brinson 1D Model for shape memory alloys. (a) Martensite Frac-
tion vs Temperature. ⇠so = 0, ⇠to = 1, T = 5°C from stress-strain analysis
with �o = ✏o. (b) Residual Strain vs Temperature. ⇠so = 0.02/✏L, ⇠to = 0.5, (c)
Martensite Fraction vs Temperature. ⇠so = 0.02/✏L, ⇠to = 0.5, (d) Recovery
Stress vs Temperature. ✏o = 0.5% & 0.9%, ⇠so = 0.046 & 0.073, ⇠to = 0 & 0.92,
�o = 128
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In Figure 5.2(c) we can see the variation of martensite fraction with temperature

compared against the reproduced Brinson model for 2% strain and for 1% strain. Finally,

Figure 5.2(d) shows the recovery stress v/s temperature result plotted against the data

plotted in Turners thermoelastic model Turner (2000).

5.2 Turners E↵ective Coe�cient of Thermal Expan-

sion Model (ECTE)

Turners ECTE model gives the constitutive equations for the thermomechanical response

prediction of SMA embedded composites undergoing both mechanical loads and thermal

loads [Turner (2000)]. The model is applicable for free recovery, constrained, as well as re-

strained behavior of SMA, given that we possess data for basic SMA material properties.

The material nonlinearity of SMA as a function of temperature and the embedded com-

posite mechanics can be captured through this model as well. A representative volume

element employed in Turners model is shown in Figure 5.3. This element is considered

in the plane of the plate, the principal material directions are 1 and 2, wherein the SMA

wire is embedded along 1-direction.

Figure 5.3: Volume element of the SMAHC lamina [Turner (2000)].

For a SMAHC lamina of Glass-Epoxy embedded with NiTiNOL wires, adding the

thermal expansion behavior of NiTiNOL from Turner, Zhong, and Mei [Turner et al.
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5.2 Turners E↵ective Coe�cient of Thermal Expansion Model (ECTE)

(1994)] to the 1D uniaxial thermoelastic constitutive relation by Jia and Rogers (1989):

�1a = Ea✏1 + �r T � As (5.8a)

�1a = Ea(✏1 � ↵1a�T ) T < As (5.8b)

Here, Ea is the Youngs Modulus of the SMA, ✏1 is the strain in 1-direction (longitudi-

nal), ↵1a is the coe�cient of thermal expansion for SMA along 1-direction at temperature,

T less than the Austenite start temperature, As, and �r is the recovery stress of the SMA

when T � As.

The thermoelastic constitutive relation for uniaxial conditions is written in terms of

E↵ective Coe�cient of Thermal Expansion (ECTE):

�1a = Ea


✏1 �

Z
T

T0

↵1a(⌧)d⌧

�
(5.9)

From equations (5.8a), (5.8b) and (5.9) we see that at temperature below Austenite

start temperature,

Z
T

T0

↵1a(⌧)d⌧ = ↵1a�T (5.10)

and at temperatures above Austenite start temperature,

�r = �Ea

Z
T

T0

↵1a(⌧)d⌧

or,

Z
T

T0

↵1a(⌧)d⌧ = � �r

Ea

(5.11)

Using the above equations we can capture the non-linear thermoelastic behavior of

the SMA. Similarly, the constitutive equation for the transverse direction is:

�2a = Ea


✏2 �

Z
T

T0

↵2a(⌧)d⌧

�
(5.12)

In the case of SMA wires reinforced unidirectionally along 1-direction ↵2a is not re-

lated to recovery stress but is linear due to change in martensite fraction. Thus, the

thermoelastic constitutive relations for an orthotropic lamina under plane stress becomes:
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Here [Q] is the reduced sti↵ness matrix or the compliance matrix. The above con-

stitutive relation is the ECTEM model- e↵ective coe�cient of thermal expansion model.

The relation between the reduced sti↵ness matrix and the engineering constants, Rule-of-

Mixtures, and Halpin-Tsai equations are discussed in Section 5.3.

We employed ECTEM in our work due to the following main reasons:

• We do not require the superelastic e↵ect for constrained recovery analysis; this

model suitably predicts the required Shape Memory E↵ect.

• The model requires only four parameters- Austenite Start Temperature, Austenite

Finish Temperature, Recovery Stress, and Youngs Modulus, and we had resources

available to calculate the same.

5.3 Reduced Sti↵ness Matrix and Rule-of-Mixtures

The composite material properties depend upon its constituents, their distribution, and

physical and chemical interaction between the constituents. The conventional method

used to determine the properties of composites is through experimental measurements;

however, the properties of only a fixed fiber matrix system fabricated by a specific method

can be determined. Hence, theoretical and semiempirical methods are used to predict the

e↵ects of multiple system variables on the e↵ective mechanical properties of the compos-

ites. The formulae for the longitudinal properties such as Youngs modulus, Poissons ratio,

and shear modulus of a composite are discussed here. For the modeling of unidirectional

composites, the continuous fibers are assumed to be uniform in mechanical properties

and dimensions, aligned parallel throughout the composite, are perfectly bonded with the

matrix, and no interface slippage occurs due to any external loads, and lastly, the strains

in the fibers, matrix and the composite are exactly the same.
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5.3 Reduced Sti↵ness Matrix and Rule-of-Mixtures

E1 = EaVa + EmVm E2 =
EaEm

EaVm + EmVa

⌫12 = ⌫aVa + ⌫mVm G12 =
GaGm

GaVm + GmVa

Z
T

To

↵1(⌧)d⌧ =
EaVa

R
T

To
↵a(⌧)d⌧ + EmVm

R
T

To
↵m(⌧)d⌧

EaVa + EmVm

sgn(↵a) =

8
<

:
+1 T < As

�1 T � As

Z
T

To

↵2(⌧)d⌧ =

Z
T

To

[↵a(⌧)Va + ↵m(⌧)Vm]d⌧

(5.14)

Where the subscripts ‘a, and ‘m denote the SMA/fiber and matrix respectively,

E, ⌫, G,↵ are Youngs modulus, Poissons ratio, shear modulus, and e↵ective coe�cient

of thermal expansion respectively, Va and Vm are the SMA/fiber and matrix volume frac-

tion respectively. From the above equations, we can observe that the contribution of

the mechanical properties of the fibers and the matrix are proportional to their volume

fractions in the composite. The above relations are called rule of mixtures. The author

suggests Werber (1980) for detailed information on the origin and derivation of these

equations.

From the mechanics point of view, reinforced fiber composites fall under the class of

orthotropic materials, and their behavior lies between anisotropic materials and isotropic

materials. The deformation response of an orthotropic material is similar to an anisotropic

material since it is dependent on the direction and normal, and shear stresses generate

normal and shear strains. However, in unique cases, when the loads are applied in certain

directions, the material responds as an isotropic material. The composite laminates are

loaded in the plane of the laminate in structural applications, called a plane-stress con-

dition, and all out-of-plane stress components are negated. The following equation gives

us the stress-strain relationship for specially orthotropic lamina under the plane-stress

condition:
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Where, [Q] is the compliance matrix and its elements are defined as:

Q11 =
E1

1 � ⌫12⌫21
Q12 =

⌫12E2

1 � ⌫12⌫21

Q22 =
E2

1 � ⌫12⌫21
Q66 = G12

(5.16)

For a detailed explanation of the derivation of the compliance matrix from a general

isotropic material using Hookes law to transversely isotropic material, leading to the afore-

mentioned case of specially orthotropic material under plane stress, the author suggests

Werber (1980).

5.4 Homogenization formulation for Periodic Honey-

comb layer

The equivalent mechanical properties of a honeycomb lattice cell can be obtained using

the beam theory. For this, the material constants of the honeycomb material such as the

mass density, ⇢s, Youngs modulus, Es, Poissons ratio, ⌫s, and the shear modulus which

can be obtained from Gs = Es/2(1 � ⌫s) is required. In the present case, we assume our

honeycomb layer to be fabricated from the same constituent materials as in the case of

conventional woven E-glass fiber composite.

The relative density of the honeycomb cell is given by Gibson and Ashby (1999):

⇢h

⇢s
=

( t
l
)(h

l
+ 2)

2(h
l
+ sin✓)cos✓

(5.17)

Here, ⇢h denotes the density of the honeycomb cell, h, l, and t, denote the height, the

strut length, and the thickness of the strut respectively; and ✓ is positive as shown, for the

case of auxetic ✓ becomes negative. In our case, we assume symmetric and homogenous

lattice cell wherein h = 2.5 ⇤ l and calculate the equivalent in-plane and out-of-plane me-

67



5.4 Homogenization formulation for Periodic Honeycomb layer

chanical properties. The in-plane and out-of-plane mechanical properties of a honeycomb

cell are compiled by Sorohan et al. (2019):

E
h

1 = k1.Es

✓
t

l

◆3 cos✓�
h

l
+ sin✓

�
sin2

✓
(5.18a)

E
h

2 = k2.Es

✓
t

l

◆3
�
h

l
+ sin✓

�

cos3✓
(5.18b)

Where, k1 and k2 are calculated as:

k1 =
1

1 +
�
t

l

�2
(2.4 + 1.5⌫s + cot2✓)

(5.19)

k2 =
1

1 +
�
t

l

�2
(2.4 + 1.5⌫s + tan2✓)

(5.20)

The in-plane Poissons ratios can be calculated using:

⌫
h

12 = c12
cos2✓�

h

l
+ sin✓

�
sin✓

(5.21a)

⌫
h

21 = c21

�
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l
+ sin✓

�
sin✓

cos2✓
(5.21b)

where,

c12 =
1 +

�
t

l

�2
(1.4 + 1.5⌫s)

1 +
�
t

l

�2
(2.4 + 1.5⌫s + cot2✓)

(5.22a)

c21 =
1 +

�
t

l

�2
(1.4 + 1.5⌫s)

1 +
�
t

l

�2 �
2.4 + 1.5⌫s + tan2✓ + 2 h

lcos2✓

� (5.22b)

The in-plane shear modulus for commercial honeycombs is [Sorohan et al. (2019)]:

G
h

12 = Es

✓
t

l

◆3 h

l
+ sin✓

�
h

l

�2 �
1 + h

4l

�
cos✓

(5.23)

If the axial and shearing force contributions to the total strain energy are neglected,

the coe�cients, or the correction factors, k1, k2, c12, and c21, become equal to 1.
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Figure 5.4: Represen-
tative volume element
of the honeycomb lam-
ina; l, h are the inclined
and the vertical hon-
eycomb struts respec-
tively, t is the thickness
of the strut; h= 2.5 x l.

The out-of-plane properties for the honeycomb layer are:

E
h

3 = Es

⇢h

⇢s
; ⌫

h

13 = ⌫s
E1

E3
; ⌫

h

23 = ⌫s
E2

E3
; ⌫

h

31 = ⌫
h

32 = ⌫s (5.24)

These relationships are applicable only for t << l and the height of the ply, b << l

because the shear stresses are uniform within the cell walls. The out-of-plane shear moduli

can be obtained from:

G
h
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t

l

◆
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h

l
+ sin✓

(5.25a)
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where,

G
U

23 = Gs
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◆
h
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+ sin2
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+ sin✓
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cos✓

(5.26a)

G
L

23 = Gs

✓
t

l

◆
h

l
+ sin✓�
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l
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(5.26b)

and,

↵ =

8
><

>:

0.787, ✓ � 0°

1.342, ✓ < 0°

Here, G
U

23 and G
L

23 are the upper and lower bounds of the out-of-plane G23 shear

modulus and ↵ for a honeycomb (✓ � 0) is deduced by Grediac (1993) by analysing
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5.5 Governing equations of SMA Hybrid Composite (SMAHC) plate

multiple aspect ratios vs. shear modulus data, and for reentrant honeycomb (negative

Poissons ratio, ✓ < 0) by Scarpa and Tomlin (2000). For the auxetic, we take the ✓ as

negative, and the rest of the calculations remain the same. For the model considered in

the thesis, we take t= 0.5mm, l= 5mm, h= 2.5 x l= 12.5 mm (to avoid failure of structure

by collapsing on itself when ✓ < 0° ), and b= 2.5mm, the collated material properties

are given in Table 6.2. Mukhopadhyay and Adhikari (2016) in their work give a collated

behaviour of the e↵ective elastic modulus along the longitudinal (E1) and transverse (E2)

direction, shear modulus (G12), and the Poissons ratio (⌫12). We reproduce the graph to

verify the validity of our code [Figure 5.5].

Figure 5.5: Varia-
tion of di↵erent non-
dimensionalised mechan-
ical properties with cell
angle ✓ for honeycomb
(✓ > 0°) and reentrant hon-
eycomb (✓ < 0°) lattices for
h/l = 2

5.5 Governing equations of SMA Hybrid Composite

(SMAHC) plate

A simply-supported orthotropic square plate subjected to thermal load is considered. It

is assumed that the thin plate has a uniform thickness h, and the thickness is in the range

of 1/20 ⇠ 1/100 approximately of its span. Following are the assumptions made upon

which the deflections and stresses are based:

1. The plate holds the hypothesis of straight normals, and the Classical Laminated

Plate Theory (CLPT).
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2. Due to thin plate, the stress normal to the middle plane, �z, is small compared to

other stress components hence neglected.

3. Turners Recovery Stress Model is employed for the lamina embedded with SMA

wires [Turner et al. (1994), Turner (2000)].

4. The material properties of the SMA wires reinforced lamina are a function of marten-

site fraction, which is a function of temperature.

5. The homogenization of the periodic honeycomb/auxetic layer is done using Sorohan

et al. work and the equivalent mechanical properties are used as input [Sorohan

et al. (2015)].

5.5.1 The stress field

Consider a section of the laminate which undergoes deformation in x� z plane as shown

in Figure 5.6. Following the CLPT, the edge ABCD remains straight and perpendicular

to the mid-plane even in the deformed state. As is apparent, point B is located at

the geometric mid-plane and undergoes displacements, uo, vo, and wo along x, y, and z

directions respectively. Therefore, for point C (refer Figure 5.6) the displacements in x

and y direction are given as:

u = uo � z↵; v = vo � z↵ (5.27)

Where ↵ is the slope of the mid-plane in the x direction,

↵ =
@wo

@x
(5.28)

71
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Figure 5.6: Bending of an element of the smart composite in X-Z plane show-
ing both mid-plane deformation as well as pure bending. Shear deformation
is neglected in this model.

As per the first assumption, the stretching/shortening of the normal ABCD is in-

significant as compared to the displacement, wo, thus the normal strain, ✏z is neglected.

This reduces the laminate strains in x, y, and z directions to:

✏x =
@u

@x
=

@uo

@x
� z

@
2
wo

@x2
= ✏

o

x
� zx

✏y =
@v

@y
=

@vo

@y
� z

@
2
wo

@y2
= ✏

o

y
� zy

�xy =
@u

@y
+

@v

@x
=

@uo

@y
+

@vo

@x
� 2z

@
2
wo

@x@y
= �

o

xy
� zxy

(5.29)

Here, ✏
o

x
, ✏

o

y
, and �

o

xy
the mid-plane strains, whereas, x,y, and xy are the plate

curvatures respectively. Due to the slenderness ratio assumption as discussed before, the

transverse shear deformations are negligible, and as indicated by Shames and Dym (1985),

the classical theory of plates holds good.

Based on the assumptions 2, and 3 the stress-strain relations for plane stress for lamina

embedded with SMA wires, and a conventional fiber-reinforced lamina respectively are:
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Where, the superscripts, s,m, f, h, and a denote the SMA wire embedded in ma-

trix layer, matrix, conventional fiber-reinforced lamina, honeycomb ply, and auxetic,

respectively. Here, Q⇤
ij
, Q

m

ij
, and Q

f/h/a

ij
matrices are the sti↵ness matrices correspond-

ing to SMA fiber-matrix, the matrix in which SMA is embedded, and of E-glass fiber-

matrix/honeycomb/auxetic honeycomb, respectively.

5.5.2 The axial forces, shear forces, and the bending moment

Since the stresses in the laminate vary in each layer, the equivalent system of forces

and moments acting on the cross-section of the laminate are defined. These equivalent

system of forces or stress resultants per unit length of the middle surface are calculated

by integrating stresses through the thickness:

Nx =

Z
h

�h

�xdz, Ny =

Z
h

�h

�ydz, Nxy =

Z
h

�h

⌧xydz (5.32)

Similarly, the equivalent moments per unit length are defined as:

Mx =

Z
h

�h

�x z dz, My =

Z
h

�h

�y z dz, Mxy =

Z
h

�h

⌧xy z dz (5.33)
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5.5 Governing equations of SMA Hybrid Composite (SMAHC) plate

The positive sense of the resultant forces and moments are consistent with the sign

convention of the stresses and are shown in Figure 5.7:

Figure 5.7: Stress resultant and moments in SMAHC plate mid-plane.

The force-moment system acting at the mid-plane of the laminate can be obtained by

summing the integrals representing the contribution of each layer, giving us:
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The stresses in equations 5.34 can also be written in terms of mid-plane strains and

plate curvatures. Upon substituting equations 5.30 in equations 5.34, we obtain the

resultant axial forces and moments as:
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Here, the superscript 0⇤0 indicates the properties to be temperature dependent.

Figure 5.8: Schematic of ply lay-up of SMA wire embedded unimorph
composite.

The coe�cients A⇤
ij
, B

⇤
ij
, and D

⇤
ij

when one layer of SMA reinforcement is present and

hs > h are:

A
⇤
ij

=
⇣
Q̄

⇤
ij
hs + Q̄

f,h,r

ij
(h� hs)

⌘
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Where, h = 2h, hs is the thickness of the SMA layer, and h̄ is the total height of the

laminate, h is the distance of top and bottom ply from the midplane. It may be noted, the

values of these coe�cients, whether we consider honeycomb or auxetic ply as the second

lamina, remain the same. However, a change in the ABD matrices is observed if the fiber

orientation angle is changed.

We can see that equations 5.36 and 5.37 are essentially:
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Which is similar to the Turner’s Recovery Stress Model [5.2].

5.6 Summary

This chapter forms the foundation of the SMAHC numerical modeling, which will be

used subsequently. We understand the e↵ect of temperature and stress on the martensite

volume fraction of the SMA, as well as the recovery force generated for a given set of input

parameters. We then move to the understanding of embedding these shape memory alloys

in composites and the concept of the e↵ective coe�cient of thermal expansion, or as we

can say, thermal contraction. Since we have also employed the use of honeycomb and

reentrant honeycomb (auxetic) cores in our design for anticlastic and synclastic bending,

respectively; hence, we also study homogenisation and calculation of e↵ective mechanical

properties of these lattices in this chapter. Finally, we have shown a generalised set of

governing equations for all the considered SMAHC cases, wherein shear lag is assumed

to be not present. The reproduced Brinson model gives us an analytical basis for the

dependency of elastic modulus with varying total martensite fraction (plotted in Figure

4.7), thus further explaining the increase in natural frequency of the structure upon the

voltage, thereby temperature increase in Chapter 4. Turners model gives us an insight

into the modeling of the SMA wires as fibers in a reinforced composite. This allows us to
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fairly easily numerically model the SMA embedded structures where zero shear lag is an

assumption.

The major contribution of this chapter to the thesis is the analytical model, which

is then solved numerically. The distinctive characteristic of the constitutive equation is

the temperature-dependent compliance matrix and the ABD matrices. This implies that

for varying temperature, the sti↵ness and the extension-bending coupling of the com-

posites also varies. Through these findings, we obtain temperature-dependent Gaussian

curvatures upon thermal actuation, which is envisaged to be utilised for shape control

in future studies. In the next chapter, we numerically solve our existing set of consti-

tutive equations, validate our model with our experiment, and build a parametric study

thereafter.
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Chapter 6

Numerical Modeling and Parametric

Study

Overview

In this chapter, we build a numerical study for the thermoelastic and free vibration re-

sponses of hybrid Shape Memory Alloy (SMA) and E-glass fiber-reinforced composites

investigating it using finite element analysis. We consider four composites for analysis

and comparison of performances, (1) single layer SMA fiberreinforced hybrid composite

(unimorph SMAHC), (2) a two-layer (cross-ply) SMA fiber-reinforced hybrid composite

(bimorph SMAHC), (3) single layer SMA fiber-reinforced with a honeycomb core, and (4)

single layer SMA fiber-reinforced with reentrant-honeycomb or auxetic core. We analyze

thebending response of all the aforementioned composite structures, focusing on the bi-

morph anticlastic and synclastic bending with negative and positive Gaussian curvatures,

respectively. The uniqueness of this part of the thesis is utilizing the shape memory e↵ect

of the SMA fibers to achieve active shape control of low-sti↵ness and lightweight auxetic

composite structures. We investigate the free vibration response and analyzed the e↵ect

of the fiber volume fraction and the fiber orientation angle on the natural frequency of the

system. Further, the role of the reentrant angle and sti↵ness of honeycomb struts on the

overall e↵ective mechanical properties of the ply is also presented. Results confirm the

nonlinearity of the parametric combination and the importance of optimization of these

parameters for improved Gaussian curvature. The findings are envisaged to be useful for
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the design of lightweight rigidizable space structures and tensairity structures.

6.1 Specimen Configuration

The numerical simulation in this chapter has been carried out for four cases of SMA

fiber-reinforced composite, SMA-based hybrid composite (SMAHC) with a single layer

of SMA fiber embedded and the other with two layers of SMA fiber-reinforcement, and

SMA based honeycomb and reentrant honeycomb core composites. The motivation behind

this investigation is to analyze the bi-directional bending of a SMAHC caused due to the

embedding of SMA fibers in o↵set and actuated through resistive heating. Upon actuation,

the layer which consists of SMA fibers tends to shrink, whereas the one without resists

this deformation, causing the structure to deflect. When embedded in two layers, at 0°and

90°, and with honeycomb and reentrant honeycomb core, this produces a bi-directional

bending. The experimental study on the active SMAHCs is presented in Chapters 3, and

4, and the numerical result is validated against the experimental observation. Figure (6.1)

shows the ply arrangement for the cases without a core.

Figure 6.1: Schematic of SMA wire embedded composite [Srivastava et al.
(2018)], SMA is shown digitated as fabricated for experiment.

The properties of the E-glass fiber and the Silicone rubber used in the simulation

are specified in Table (2.2). The E-glass fiber was procured from Azo Materials, Asia,

and the Silicone rubber, Dragon SkinTM 30, from Smooth-On, Pennsylvania, USA. Using

these properties, we compute the equivalent orthotropic properties of the lamina. The
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6.1 Specimen Configuration

requirements to define the behaviour of a composite are- volume fraction of the fiber

(Vf ), volume fraction of the matrix (Vm), Young’s Modulus of the fiber (Ef ) and the

matrix (Em), Poisson’s ratio of both fiber(⌫f ) and matrix (⌫m), density ⇢f and ⇢m, and

finally, the coe�cient of thermal expansion ↵f and ↵m. We assume that through vacuum

degassing, any voids created due to air entrapment are removed. We calculate the e↵ective

mechanical properties of the glass-fiber silicone matrix plies [Table 6.1], honeycomb struts

[Table 6.2], and the temperature-dependent SMA-matrix plies [Table 6.3] using rule-of-

mixtures and Halpin-Tsai equations as discussed in Chapter 5.

The materials selected are E-glass fiber and Silicone rubber as the matrix. The mate-

rial selection of the matrix was made considering the elastomeric property allowing large

deformation. The fiber volume fraction of E-glass fiber is 0.7, and for the SMA layer vol-

ume fraction for SMA fiber is calculated from the previous experiments Srivastava et al.

(2018)to be 0.024.
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Table 6.1: Equivalent orthotropic
material properties for E-glass
fiber-Silicone rubber matrix

lamina

E1(kPa) 5.04 ⇥ 107

E2 = E3(kPa) 1.126 ⇥ 103

G12 = G13(kPa) 3.77 ⇥ 102

G23(kPa) 2.8 ⇥ 102

⌫12 = ⌫13 0.262

⌫23 0.9141

↵1(/°C) 4.9 ⇥ 10�6

↵2 = ↵3(/°C) 7.84 ⇥ 10�5

⇢(kg/m3) 2.14 ⇥ 103

Table 6.2: Equivalent material
properties for E-glass

fiber-Silicone rubber matrix-
honeycomb struts

Es(kPa) 6.48 ⇥ 107

Gs(kPa) 1.13 ⇥ 103

⌫s 0.238

↵s(/°C) 2.941 ⇥ 10�5

⇢(kg/m3) 2.45 ⇥ 103

Table 6.3: Equivalent temperature
dependent orthotropic mechanical

properties for SMA fiber
(NiTiNOL)-Silicone rubber matrix

lamina, E2 = 3.46 ⇥ 102kPa,G12 = G13 =
1.162 ⇥ 102kPa,G23 = 88kPa, ⌫12 = 0.474,

and ⇢ = 1.2 ⇥ 103kg/m3

T (°C) E1 (kPa) ↵11(/°C) ↵22(/°C)

20 6.49⇥105 3.02 ⇥10�6 2.44⇥10�4

22 6.51⇥105 -3.50⇥10�6 2.43⇥10�4

25 6.51⇥105 -9.99⇥10�6 2.43⇥10�4

27 6.51⇥105 -1.86⇥10�5 2.43⇥10�4

30 6.55⇥105 -2.73⇥10�5 2.43⇥10�4

32 6.57⇥105 -3.38⇥10�5 2.43⇥10�4

35 6.59⇥105 -1.65⇥10�5 2.43⇥10�4

37 6.69⇥105 -5.66⇥10�6 2.44⇥10�4

40 6.78⇥105 -1.43⇥10�5 2.43⇥10�4

43 6.98⇥105 -2.30⇥10�5 2.43⇥10�4

45 7.13⇥105 -3.60⇥10�5 2.43⇥10�4

48 7.35⇥105 -5.12⇥10�5 2.43⇥10�4

50 7.52⇥105 -4.69⇥10�5 2.43⇥10�4

53 7.72⇥105 -3.17⇥10�5 2.43⇥10�4

55 8.15⇥105 -2.08⇥10�5 2.43⇥10�4

57 8.44⇥105 -1.43⇥10�5 2.43⇥10�4

60 9.02⇥105 -5.69⇥10�6 2.43⇥10�4

61 9.33⇥105 -9.68⇥10�5 2.43⇥10�4

62 9.66⇥105 -1.98⇥10�4 2.39⇥10�4

63 9.92⇥105 -3.03⇥10�4 2.36⇥10�4

64 10.19⇥105 -4.00⇥10�4 2.34⇥10�4

65 10.38⇥105 -4.78⇥10�4 2.32⇥10�4

66 10.68⇥105 -5.178⇥10�4 2.31⇥10�4

67 10.93⇥105 -5.02⇥10�4 2.31⇥10�4

68 11.24⇥105 -4.81⇥10�4 2.32⇥10�4

70 11.69⇥105 -4.57⇥10�4 2.33⇥10�481



6.1 Specimen Configuration

Next, we model two bimorphs showing anticlastic and synclastic behavior due to pos-

itive and negative Poisson’s ratio. The models consist of honeycomb and auxetic cores

embedded with SMA fibers at an o↵set. We calculate the equivalent orthotropic mechan-

ical properties of the honeycomb and auxetic layer using the methods available in the

literature [Masters and Evans (1996), Chen and Ozaki (2009)] as explained in Chapter

5. For this analysis we keep the reentrant angle at +60° for honeycomb ply and �60° for

auxetic ply. The calculated equivalent mechanical properties of the honeycomb and the

auxetic ply are given in Table 6.4.

Figure 6.2: Schematic of SMA wire embedded honeycomb ply (positive
reentrant angle - positive Poisson’s ratio) and auxetic ply (negative

reentrant angle - negative Poisson’s ratio). (a) Honeycomb layer with SMA
wire/fiber-reinforcement, (b) Auxetic layer with SMA

wire/fiber-reinforcement; (refer Figure 5.4 for strut details).

The equivalent mechanical properties of the honeycomb and the auxetic layer with

respect to varying ✓ are presented in Section 6.4.1. To maintain a correlation between the
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constituent materials in the SMAHC and the SMA embedded honeycomb, we consider

the material properties of E-glass fiber and Silicone rubber matrix as the constituent

materials of the honeycomb struts (as given in Table 2.2), with a fiber volume fraction

of 0.9; we also show the e↵ect of volume fraction on the equivalent mechanical properties

in the results section. It is assumed that the material properties follow the basic rule-of-

mixtures and are as provided in Table 6.2. We let the volume fraction of embedded SMA

wires (fibers) be the same as in our experimental work- 0.024.

Property Honeycomb Ply Auxetic ply

E1(kPa) 1.24 ⇥ 104 2.56 ⇥ 104

E2 = E3(kPa) 1.38 ⇥ 106 6.73 ⇥ 105

G12(kPa) 4.29 ⇥ 102 2.08 ⇥ 104

G13(kPa) 16.8 34.7

G23(Pa) 2.20 ⇥ 103 1.03 ⇥ 106

⌫12 0.084 -0.17

↵1 = ↵2 = ↵3(/°C) 2.94 ⇥ 10�5 2.94 ⇥ 10�5

⇢(kg/m3) 3.27 ⇥ 102 6.74 ⇥ 102

Table 6.4: Equivalent orthotropic material properties for honeycomb and
auxetic ply, strut fiber volume fraction (V h

f
)= 0.9, reentrant angle ✓

h = 60°,
(refer Figure 5.4 for strut details).

6.2 Finite Element Modeling and Analysis

The static thermoelastic and vibration response analysis for the four sample cases is

developed in ABAQUS® with a python command stream. The dimensions of the plate,

modeled for numerical analysis, are shown in Figures 6.3(a) and 6.3(b), subjected to fixed-

free boundary conditions. We model the SMA wire as fibers, with volume fraction and

fiber angle orientation, calculated from our experimental work [Srivastava et al. (2018)].

Using the temperature-dependent attributes, the properties of the plate are defined for

both the sample models, a two-ply composite and a four-ply composite. No visible shear in

the case of the unimorph despite large deformation (45mm- an average of five) is observed

experimentally. This is caused due to the combined binding of the SMA wires and the
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6.2 Finite Element Modeling and Analysis

E-glass fiber in the matrix, causing the entire structure to behave in a coupled manner.

The same fabrication method was repeated in the case of the bimorph with two SMA

embedded layers; however, since this case is of small deflection (0.5mm-1mm); thus a rigid

body contact between the plies is feasible. Hence, we have not incorporated the failure

criteria for capturing delamination in the finite element model and have assumed the

perfect interlaminar bond. We have considered rigid-body contact between the adjacent

lamina, neglecting delamination and inter-ply shear stresses in the current study. We have

previously used woven E-glass fiber for our experimental analysis, and hence, for the FE

analysis, we model a woven fabric by aligning two orthogonal unidirectional fiber layers

on top of each other, giving the fill and the warp direction 0° and 90° fiber orientation, and

sub-dividing the thickness of the woven fabric into two unidirectional layers [Li (1976)].

The standard, linear quad S4R shell element is incorporated to observe the non-linear

material response and large deformations, and the meshing is completed through free

technique, advancing the front algorithm. S4R element is preferred in modeling sandwich

structures wherein through-the-thickness stresses are not necessary to be observed and

core crushing is negated. The element size of the fine mesh was controlled to ensure

convergence of the solution. Along the longitudinal direction, the plate is fixed at one

end and free at the other, and a predefined temperature field is applied in steps- where

the steps match with the discrete experimental data points available from the material

characterization experiments discussed in Chapter 2. It is also ensured that the results

presented are from the martensite-to-Austenite phase transformation region, where the

sudden dip in the e↵ective coe�cient of thermal expansion is observed- giving it a negative

value. The temperature was increased, and the corresponding maximum deflection and

natural frequency of the plate in z-direction were recorded. The fiber orientation angle

and volume fraction of SMA fiber-reinforcement are varied, and the results are compared.

Since our aim is to attain positive and negative Gaussian curvatures, given the require-

ment of a torus-shaped structure, hence, next we model the composite with honeycomb

and auxetic layer with embedded SMA fibers. We use the equivalent mechanical proper-

ties for both the static as well as the temperature-dependent SMA layer, wherein SMA

wires are again modeled as fiber reinforcement. We follow the same procedure, and for

each temperature increment, we record the deflection and natural frequency of the struc-
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ture. Since the mechanical properties of the honeycomb layer depend upon the reentrant

angle, ✓ (refer to Chapter 5), hence we conduct this analysis for conventional as well as

auxetic, by varying the reentrant angle from �90° to +90°. In the second part of the anal-

ysis, we apply a linear perturbation to our samples, thus recording the first five natural

frequencies for all the sample cases. The complete procedure is shown stepwise in Figure

6.4, and the results are discussed in the subsequent section.

Figure 6.3: Schematic
of SMA wire embed-
ded composites- uni-
morph SMAHC, bi-
morph SMAHC, and
hoeycomb/auxetic plies-
laminate configuration
and dimensions. (a) A
two-ply unimorph with
unidirectional SMA, (b)
A four-ply bimorph with
cross-ply reinforcement of
SMA, and (c) A two-ply
honeycomb/reeentrant-
honeycomb bimorph with
unidirectional SMA.
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6.2 Finite Element Modeling and Analysis
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6.3 Results and Discussion

6.3.1 Thermoelastic Response

In this section, we present the responses of unimorph and bimorph configurations of SMA

reinforced cantilever hybrid composite plates subjected to a pre-set thermal field. Since

shape-control is generally a quasi-static process, steady-state is assumed at each thermal

state, and deflection of the structures is noted to observe the nature of curvature. Figures

6.5a, 6.5b, and 6.6(a) - 6.6(c) show the nature of deflection corresponding to the applied

thermal field. Also, the maximum tip-deflection corresponding to all the cases is noted.

We validate our model with the experiment on an SMA embedded unimorph [Srivastava

et al. (2018)], the ply layup of the same is shown in 6.3(a). In the experiment, we observe a

complete phase transformation and a maximum deflection of an average of 45mm observed

over multiple actuation responses. We then model the same in ABAQUS® as discussed

in Sections 6.1 and 6.2 and compare the maximum deflection observed upon thermal

actuation.

We further build the analysis on our validated model and observe the deflection pattern

for bimorphs with positive and negative Gaussian curvatures, as shown in Figure 6.6.

It may be observed that upon thermal actuation, the single-layer SMAHC has shown

maximum tip deflection (node marked in red), whereas the SMAHC bimorph has shown

lower deflection. The addition of a honeycomb reduces the deflection further in comparison

to single-layer SMAHC. However, it shows a negative curvature along the longitudinal

direction and positive curvature in the transverse direction, giving us a negative Gaussian

curvature. On the other hand, the substitution of honeycomb core by auxetic resulted

in positive curvature in both directions. A brief summary of all the SMA embedded

composites analysed is given in Table 6.5, and the nature of curvature is further analysed

in the next section.
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6.3 Results and Discussion

(a) SMAHC unimorph deflection- Experimen-
tal observation. The deflection corresponding
to voltage, V= 14.2 V at T=66°C is considered
for numerical observation.

(b) SMAHC unimorph deflection- Numerical
observation. The inset image shows the simu-
lated deflection at T= 66°C.

Figure 6.5: Validation of the numerical model against experimental results,
SMA fiber volume fraction, (V SMA

f
)= 0.024, E-glass fiber volume fraction,

(V EGF

f
) = 0.7, SMA fiber orientation angle, (✓SMA)= 0°.
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(a) SMAHC bimorph deflec-
tion (two layer SMA reinforce-
ment).

(b) SMAHC bimorph
deflection- SMA embedded
honeycomb ply (single layer
SMA reinforcement).

(c) SMAHC bimorph
deflection- SMA embedded
honeycomb ply (single layer
SMA reinforcement).

Figure 6.6: Deflection of SMA reinforced bimorph composites upon thermal
actuation. V

EGF

f
= 0.7 (two unidirectional plies orthogonally to model the

woven ply), V SMA

f
= 0.024, ✓SMA = 0°, strut fiber volume fraction, V h

f
= 0.9, ✓h =

±60°.

6.3.2 Bimorph radius of curvature

To compare the behavior of the three bimorphs studied in this work, it is necessary that

we calculate the curvature of the longitudinal and transverse directions of the composite.

As can be seen in the previous section that we can achieve a bimorph bending and
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6.3 Results and Discussion

negative Gaussian curvature through the cross-ply embedding of SMA wires; however,

the magnitude of deflection is very low and cannot be utilised for shape morphing and

control applications. We utilised honeycomb and reentrant-honeycomb ply to overcome

this challenge and noted a manifold increase in the deflection, achieving negative and

positive Gaussian curvatures, respectively.

Figure 6.7: Node points
for curvature analysis;
nodes denote radius of
curvature at: R

x
0

c
= mini-

mum deflection centerline
point, R

x

c
= maximum

deflection centerline point,
R

y
0

e
= minimum deflection

edge point, Ry

e
= maximum

deflection edge point.

To compare this increased e�ciency, we track the deflection of the free end of the

cantilever and the centerline along the x-axis for all three cases, as shown in Figure 6.7.

The deflections of the nodes are plotted at 66°C where we achieved our maximum tip

deflection due to complete phase transformation along with the radius of curvature at the

free end and at the maximum dip point of the centerline as shown in Figures 6.8(a) - 6.8(c).

The maximum deflection at each node was exported in .xlsx format and plotted in Origin

2017. Henceforth, by utilising the Curvature Radius application (plug-in to be installed

externally) in Origin 2017, we can find the radius of curvature at each node selected in the

post-processing for analysis. As we can see, the larger the radius of curvature, the lower

the deflection of the plate. The curvature lines also give an insight into the synclastic or

anticlastic bending of the plates; Figures 6.8(a) and 6.8(c) show the synclastic bending

of cross-ply SMA embedded bimorph and unidirectionally SMA embedded in auxetic ply,

respectively, whereas Figure 6.8(b) shows the anticlastic bending of unidirectionally SMA

embedded in honeycomb ply.
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(a) SMAHC bimorph deflec-
tion (two layer SMA reinforce-
ment).

(b) SMAHC bimorph
deflection- SMA embedded
honeycomb ply (single layer
SMA reinforcement).

(c) SMAHC bimorph
deflection- SMA embedded
honeycomb ply (single layer
SMA reinforcement).

Figure 6.8: Deflection of SMA reinforced bimorph composites upon thermal
actuation. V

EGF

f
= 0.7 (two unidirectional plies orthogonally to model the

woven ply), V SMA

f
= 0.024, ✓SMA = 0°, strut fiber volume fraction, V h

f
= 0.9, ✓h =

±60°.

For all the three cases we observed:

R
y
e

R
y0
e

���
GF

= 0.6687 ; R
x
c

Rx0
c

���
GF

= 10.503; R
y
e

R
y0
e

���
H

= 0.5242;

R
x
c

Rx0
c

���
H

= 1.7419; R
y
e

R
y0
e

���
RH

= 0.4922; R
x
c

Rx0
c

���
RH

= 3.2057 ;

where, Ry

e
, R

y
0

e
, R

x

c
, and R

x
0

c
are the radius of curvature of the maximum deflection at the
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free-end along y-axis, radius of curvature of the minimum deflection at the free-end along

y-axis, radius of curvature of the maximum deflection at the free-end along x-axis, and

radius of curvature of the minimum deflection at the fixed-end along x-axis, as shown in

Figure 6.7. GF,H, and RH denote SMA embedded in cross-ply with glass-fiber-matrix,

SMA embedded with honeycomb ply, and SMA embedded in auxetic ply respectively.

(a) SMAHC bimorph
deflection- SMA embedded
auxetic ply (single layer SMA
reinforcement).

(b) SMAHC bimorph
deflection- SMA embedded
honeycomb ply (single layer
SMA reinforcement).

Figure 6.9: Deflection of SMA reinforced bimorph composites upon thermal
actuation. V

EGF

f
= 0.7, V

SMA

f
= 0.024, ✓SMA = 0°, strut fiber volume fraction,

V
h

f
= 0.7, ✓h = ±30°.

It was observed that upon varying the volume fraction and the reentrant angle, the

curvature response could be enhanced. When considering the fiber volume fraction in the

struts to be 0.7 and the reentrant angle to be ±30° we achieved a larger edge curvature

corresponding to the centerline curvature, as shown in Figures 6.9(a) and 6.9(b). A

variation in the radius of curvature ratios was also observed:

R
y
e

R
y0
e

���
H

= 0.5426; R
x
c

Rx0
c

���
H

= 0.4473; R
y
e

R
y0
e

���
RH

= 0.474; R
x
c

Rx0
c

���
RH

= 1.875;
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Laminate

configuration

SMAHC

type

Max.

Tip Deflection

Curvature

type

[0SMA/WovenEGF�SM ] Unimorph 45.101 mm Monoclastic

[0SMA/WovenEGF�SM/90SMA/WovenEGF�SM ] Bimorph -0.49 mm Anticlastic

[0SMA/60H ] Bimorph 19.73 mm Anticlastic

[0SMA/� 60R�H ] Bimorph 20.11 mm Synclastic

Table 6.5: Summary of all SMA embedded composites. EGF-SM: E-glass
fiber-Silicone matrix, H: Honeycomb ply, RH: Reentrant-honeycomb ply

6.3.3 Free Vibration Response

Next, we carry out the free-vibration analysis of the same set of laminates corresponding to

all the four configurations using ABAQUS®. Figures 6.10(a) and 6.10(b) show the modal

frequencies for the first ten modes and mode shapes for the first five modes corresponding

to the unimorph and bi-morph configurations, respectively. It may be noted that the e↵ect

of change in modal sti↵ness and mass from unimorph to bimorph structure has a↵ected

some of the modes significantly. While the mass e↵ect is more predominant in the first

two modes and the fifth mode, the third and fourth modes are relatively less a↵ected

by the addition of SMA layers. The first four mode-shapes did not change their nature

from unimorph to bimorph composition, while the fifth mode is changed from twisting to

bending in the case of bimorph structure. The free vibration mode shapes are obtained for

66°C temperature when the SMA is fully transformed. However, the SMA may produce

stress-induced phase transformation at this temperature, creating pseudo-elastic damping;

we have not considered this in the current analysis.

Another important observation we made was the decoupling of the eigenfrequencies

and the corresponding modes in the case of SMA embedded honeycomb ply. The SMAHC

unimorph and bimorph and the SMA embedded auxetic ply have their first and second

natural frequencies coupled; however, a parametric optimization allows us to decouple the

same.
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(a) SMAHC unimorph- free vi-
bration response (single layer
SMA reinforcement).

(b) SMAHC bimorph- free vi-
bration response (two layer
SMA reinforcement).

Figure 6.10: Free vibration response of unimorph and bimorph SMAHC. Note
that the natural frequencies are more widely distributed in the case of uni-
morph SMAHC (41.79 Hz - 200.916 Hz) in comparison to bimorph SMAHC
(38.475 Hz - 176.94 Hz). V

EGF

f
= 0.7, V SMA

f
= 0.024, ✓SMA = 0°.

(a) SMAHC embedded honey-
comb ply- free vibration re-
sponse (single layer SMA rein-
forcement).

(b) SMAHC embedded auxetic
ply- free vibration response
(single layer SMA reinforce-
ment).

Figure 6.11: Free vibration response of SMA embedded honeycomb and aux-
etic ply. Note that for SMA embedded honeycomb and auxetic ply, the first
two modes (bending and coupled bending-twisting mode) are widely sepa-
rated in comparison to all other structures indicating strong decoupling of
the fundamental frequencies. V

EGF

f
= 0.7, V

SMA

f
= 0.024, ✓SMA = 0°, strut fiber

volume fraction, V h

f
= 0.7, ✓h = ±30°.
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6.4 Parametric study on the Honeycomb/Auxetic core

and the SMAHC

6.4.1 E↵ect of reentrant angle

This section shows the e↵ect of change in various input parameters on the equivalent

mechanical properties of the honeycomb ply. As discussed in Section 6.1, each individ-

ual strut of the honeycomb lattice cell comprises of unidirectional E-glass fiber-reinforced

matrix. The e↵ect of change of fiber volume fraction in the struts, V
h

f
, and the reen-

trant angle, ✓h, on the equivalent in-plane and out-of-plane mechanical properties of the

honeycomb ply is given in Figures 6.12 - 6.14.

The in-plane elastic modulus and the in-plane and out-of-plane shear modulus of the

honeycomb ply increase with an increase in V
h

f
and show almost symmetric behavior

about the 0° reentrant angle. However, the curve shows an asymptotic behavior at the

reentrant angles- ±90° and 0° for all given V
h

f
. We obtained some interesting results when

the e↵ect of fiber volume fraction in the strut on the equivalent Poisson’s ratio of the

honeycomb ply was studied. It can be seen in Figure 6.13 that V
h

f
has no e↵ect on the

Poisson’s ratio, and with the change in the reentrant angle ⌫12 follows a curve resembling

hyperbolic cotangent, whereas ⌫21 that of a tangent curve.

6.4.2 E↵ect of SMA fiber volume fraction and fiber angle ori-

entation

The results showing the e↵ect of change in the volume fraction of the SMA fiber-matrix

layer on the maximum deflection along z-direction and the natural frequency of the uni-

morph SMAHC are discussed in this section. We varied the volume fraction in the vicinity

of the experimental SMA fiber volume fraction, which was 0.024. The literature also ob-

served that the volume fraction of SMA wire, when embedded/reinforced in a composite,

lies in a similar range. The deflection observed intuitively increases with an increase in

SMA fiber volume fraction; however, what we observe here is that the percentage increase

in deflection reduces as we go from 0.01 to 0.09 volume fraction as shown in Figure 6.15(a).

Similar behavior is observed in the case of natural frequency; an increase in SMA
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fiber volume fraction increases the natural frequency of the unimorph, as shown in Figure

6.15(b). Again, the percentage increase in the natural frequency decreases with an increase

in SMA fiber volume fraction and approximately remains the same with a change in SMA

fiber volume fraction beyond 0.05. This can be correlated with the previous result where

the maximum deflection also converges to an approximately similar value of 43.12 Hz

beyond 0.05 SMA fiber volume fraction, caused due to a saturation in the compliance of

the structure.

Next, for the unimorph, we vary the SMA fiber orientation angle by keeping the SMA

fiber volume fraction constant at 0.024, which results in a twist in the structure as we

thermally actuate the system. However, the twist is negligible and cannot be utilised for

desired applications. We plot the maximum deflection of the chosen point at the center

of the edge at the free-end (as shown in Figure 6.5b) and find that the deflection obtained

is of maximum -5mm (in the negative z-direction). Despite an increase in temperature,

almost static behavior is observed upon varying the SMA fiber orientation angle, caused

due to an increase in the sti↵ness of the structure in the transverse direction and motion

resistance due to transversely fixed end, as shown in Figure 6.15c. Through this, we

understood that embedding SMA wires at di↵erent fiber orientation angles is not an

e�cient solution for bimorph bending.

A sudden decrease in the natural frequency was observed as the SMA fiber orientation

angle is changed from 0° to 90°, interestingly the value of natural frequency remains the

same at an average of 23.8 Hz for all orientation angles except 0° as can be seen in Figure

6.15d. This behavior is reflected through the increased sti↵ness, as previously discussed,

for the maximum deflection results with SMA fiber orientation angle variation.
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(a) Young’s modulus along longitudinal direc-
tion (E1) is plotted for varying strut fiber vol-
ume fraction (V h

f
) against change in reentrant

angle (✓h); the sti↵ness increases with increas-
ing V

h

f
.

(b) Young’s modulus along transverse direction
(E2) is plotted for varying strut fiber volume
fraction (V h

f
) against change in reentrant angle

(✓h); the sti↵ness increases with increasing V
h

f
.

Figure 6.12: E↵ect of strut fiber volume fraction (V h

f
) on the elastic modulus

of the honeycomb and the auxetic ply. ✓
h increment at 0.01.
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(a) In-plane Poisson’s ratio, ⌫12, is plotted for
varying V

h

f
against change in ✓

h; ⌫12 is un-
changed with varying V

h

f
and is defined as

lim✓!0 ⌫12 ⇡ 0. The inset image shows the dis-
continuity as ✓ ⇡ 0.

(b) Poisson’s ratio in loading direction- 2, ⌫21,
is plotted for varying V

h

f
against change in ✓

h;
⌫21 is unchanged with varying V

h

f
.

Figure 6.13: E↵ect of V
h

f
on the Poisson’s ratio of the honeycomb and the

auxetic ply. ✓ increment at 0.01.
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(a) In-plane Shear modulus,
G12, is plotted for varying
V

h

f
against change in ✓

h; the
shear modulus increases with
increasing V

h

f
and shows qual-

itative behavior like transverse
Young’s modulus.

(b) Out-of-plane Shear modu-
lus, G13, is plotted for varying
V

h

f
against change in ✓

h; the
shear modulus increases with
increasing V

h

f
.

(c) Out-of-plane Shear modulus, G23, is plot-
ted for varying V

h

f
against change in ✓

h; the
shear modulus increases with increasing V

h

f
and

qualitative behavior is mirror-image of in-plane
shear modulus G12.

Figure 6.14: E↵ect of V
h

f
on the shear modulus of the honeycomb and the

auxetic ply. ✓ increment at 0.01.
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(a) SMAHC Unimorph tip
deflection dependance on SMA
fiber volume fraction, V

SMA

f
,

(single layer SMA reinforce-
ment); deflection increases
with increasing V

SMA

f
.

(b) SMAHC Unimorph natural
frequency dependance on SMA
fiber volume fraction, V

SMA

f
,

(single layer SMA reinforce-
ment); natural frequency in-
creases but soon saturates with
increasing V

SMA

f
.

(c) SMAHC Unimorph deflec-
tion dependance on SMA fiber
angle orientation, ✓SMA, (single
layer SMA reinforcement); ob-
servable deflection is observed
at ✓

SMA = 0° to 90°.

(d) SMAHC Unimorph natu-
ral frequency dependance on
SMA fiber angle orientation,
✓
SMA, (single layer SMA rein-

forcement); natural frequency
remains almost the same with
change in ✓

SMA = 0° to 90°.

Figure 6.15: Deflection of SMA reinforced composites upon thermal actuation.
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6.4.3 e↵ect of volume fraction and reentrant angle of honeycomb

constituent fiber

Drawing inferences from the previous section, we do not study the e↵ect of change in

the SMA fiber orientation angle and the SMA fiber volume fraction in the case of SMA

embedded in honeycomb and auxetic ply. We show here the results for the e↵ect of

change in glass-fiber volume fraction in the struts of the honeycomb and hence how

the constituents of the struts play a major role in defining the bending behavior of the

bimorphs. Here, we consider the same point (point as shown in Figures 6.5 and 6.6)

and plot the deflection behavior at 66°C temperature where we achieve our maximum

deflection, and for reentrant angles ±85°,±60°,±45°,±30°, and ±5°, as shown in Figure

6.16a .

Since our constituent materials are E glass-fiber and Silicone matrix, the less the

fiber volume fraction, the more deflection along z-direction is observed. However, it is

interesting to note that the deflection curve for -85 to +85 reentrant angle forms a fold-

like shape, and the deflection pattern is non-linear. For honeycomb plies with 0.1 fiber

volume fraction in their struts, the deflection increases from reentrant angle �85° and rises

till �5°, then starts to decrease in the positive reentrant angle domain. For honeycomb

ply, for strut-fiber volume fraction � 0.3, the deflection of the point along z-direction

increases till �30° reentrant angle, next, decreases till 5°, then increases again till 30°,

and finally continuously decreases till 85°. This nonlinearity is caused due to the e↵ect

of change in the mechanical and structural properties of one lattice cell on the equivalent

mechanical properties of the entire ply. The maximum deflection of the considered point

along z-direction is obtained at 0.1 fiber volume fraction and at �5° reentrant angle of

35.21 mm.

Lastly, we study the e↵ect of fiber volume fraction in the honeycomb struts and the

e↵ect of change in the reentrant angle on the natural frequency of the structure. An

inverted parabolic curve, almost symmetrical about 0°reentrant angle, is observed. An

increase in the volume fraction of the strut fiber essentially increases the overall sti↵ness

of the structure, and hence the natural frequency can be seen increasing with V
h

f
. Also,

as the reentrant angle approaches 0°, the honeycomb lattice fundamentally becomes a
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6.4 Parametric study on the Honeycomb/Auxetic core and the SMAHC

rectangular lattice; hence, increased sti↵ness causes a higher natural frequency.

(a) Maximum tip deflection dependance of
honeycomb/auxetic bimorphs on strut fiber
volume fraction, V h

f
from 0.1 to 0.9 with incre-

ments of 0.1, plotted against change in reen-
trant angle, ✓h; non-linear relation is observed.

(b) Natural frequency dependance of honey-
comb/auetic bimorphs on strut fiber volume
fraction, V h

f
from 0.1 to 0.9 with increments of

0.1, plotted against change in reentrant angle,
✓h.

Figure 6.16: E↵ect of V h

f
and ✓

h on the deflection and natural frequency of the
honeycomb and the auxetic ply.

A comparison between Figures 6.16a and 6.16b shows the contrasting behavior of

the structure; that is, with a higher deflection, a lower natural frequency is noticed and
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vice versa. As discussed in Section 6.3.3, an optimization study with strut fiber volume

fraction and reentrant angle as parametric variables become of interest to obtain the de-

sired deflection with natural frequency within required limits for the new SMA embedded

honeycomb and auxetic core hybrid composites.

In the proposed SMA embedded composites with honeycomb and reentrant honeycomb

cores with positive and negative Poisson ratios, respectively, the composite demonstrates

either anticlastic or synclastic deformation. For a designer, we recommend using a hon-

eycomb core for anticlastic and a reentrant honeycomb core for synclastic deformation.

Further, if the Gaussian curvature (product of curvature of the two bending edges) in

a bimorph is negative, the response will be anticlastic and synclastic with the positive

product.

6.5 Summary

In this chapter, we present the developed Finite Element models for SMA embedded uni-

morph and bimorph composites. Additionally, we have expanded the model to include

honeycomb and reentrant plies. For all these composite structures, the thermoelastic and

free-vibration responses are obtained through the numerical solution. The major find-

ing of this work is obtaining the synclastic (positive Gaussian curvature) and anticlastic

(negative Gaussian curvature) bending of the composite, generated upon the thermal ac-

tuation of the SMA fibers embedded in auxetic and honeycomb core, respectively. The

present model also simulates the shape control of the bimorphs by varying input pa-

rameters in the given temperature field. The honeycomb and auxetic core significantly

improve the deflection of the composite from the bimorph SMAHC, and a decoupling

of the first and second eigenfrequencies is also obtained. It is important to note that

the mode shapes remain the same with the entire incremental temperature distribution.

However, the natural frequencies increase as the sti↵ness increases with the temperature

of the SMA embedded in composites. In the case of unimorph and bimorph SMAHCs,

a trade-o↵ between increased sti↵ness and higher contribution of shape memory e↵ect

upon increasing SMA fiber volume fraction is unavoidable. The parametric study in this

chapter is a vital foundation for the optimization study discussed in the next part.
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6.5 Summary

The major contribution of this chapter to the thesis is the proposal of SMA embed-

ded composites with honeycomb and auxetic honeycomb core for negative and positive

Gaussian curvature, respectively. Not only do the composites demonstrate the intuitive

deformation behavior, but their deformation is also found to be e�ciently modifiable

by varying degrees of SMA volume fraction and SMA fiber orientation. Another major

contribution is the parametric study of the SMA embedded composites with honeycomb

and reentrant honeycomb core for varying SMA volume fractions. The e↵ect of varying

reentrant angles from negative to positive on the deflection and the natural frequency is

a unique study and allows us to choose our structure based on SMA variables and the

reentrant angles. This broadens our field of research and the scope of optimising the input

variables for required outputs.
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Part III- Structural Optimization of Unimorph and

Bimorph SMA Hybrid Composites (SMAHCs)



Chapter 7

Evolutionary Optimisation and

Eigenmode Decoupling

Overview

In Chapter 6, Figure 6.10 we observed that the first and second natural frequencies in

the cases of unimorph SMAHC and bimorph SMAHC are coupled. In this chapter, we

present the decoupling of the first eigenfrequency corresponding to bending and the sec-

ond eigenfrequency corresponding to twisting. Unlike most optimisation problems solved

for SMAHC vibration, to the best of our knowledge, no literature is found to utilize

the Genetic Algorithm to decouple eigenfrequencies by optimising the SMA fiber orien-

tation and SMA ply thickness and minimising the bending eigenmode, and maximising

the twisting eigenmode. We implement a methodology that allows us to find a trade-o↵

between the decoupling of the eigenfrequencies as a desirable output and the complex

fabrication of optimised design as an undesirable problem. With this methodology, we

have an e�ciently patterned SMA reinforced composite, which can keep a distinct gap

between consecutive eigenfrequencies along with the maximum deflection. The structure

has been optimised to perform at the actuation temperature when maximum deflection is

obtained upon SMA actuation. The optimisation tool is applied to the structure consid-

ering a continuous temperature rise, hence an increase in the eigenfrequency of the model,

making our system highly nonlinear.

A complex mode or a combination of two modes at the first natural frequency can

1
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cause failure in the structure; hence it is crucial to decouple the eigenmodes in systems.

Decoupling of the dominant vibration directions has previously been done in the literature

for engine gearbox assemblies. In a multi-body system dynamics where external excita-

tions, as well as the vibrations of the inter-connected structures, may a↵ect the overall

natural frequency of the system, actively controlling the vibration response is vital. The

algorithm proposed in this chapter can also be used to interchange the eigenmodes of

their corresponding eigenfrequencies, thus allowing the first natural frequency to give a

twisting or torsional eigenmode and the consecutive natural frequency that of a bending

mode. This technique can be used to avoid Phugoid motion-based failure in an aircraft

by continuously controlling and interchanging the eigenmodes of its wings.

The next section discusses the four sample cases’ numerical modeling for the thermoe-

lastic and the free vibration response analysis. We then compare the results of three op-

timisation techniques- Multiobjective Particle Swarm (MOPS), Neighbourhood Cultiva-

tion Genetic Algorithm (NCGA), and finally, Non-dominated Sorting Genetic Algorithm

(NSGA-II), when applied to the unimorph SMA reinforced composite (Case 1) problem.

After the comparative study, we validate our model with experimentally obtained results

and extend the NSGA-II technique to three more sample cases.

7.1 Optimisation Problem Formulation

In this study, we have modeled four SMA embedded Hybrid E-glass fiber-Silicone matrix

Composites (SMAHC), (a) a unimorph with a single layer of SMA reinforcement, (b)

bimorph with two orthogonally placed SMA reinforced layers, (c) bimorph with single

layer SMA reinforcement with a honeycomb core, and (d) bimorph with single layer SMA

reinforcement with an auxetic core. The geometric structures of the smart composites

considered in the study are shown in Figure 7.1. The dimensions of the structures are the

same for all four samples along the longitudinal and the transverse directions; however,

the thickness varies depending upon the number of layers and inclusion of core. The

temperature-dependent material properties of the SMA are shown in Figure 2.2b.

The input temperature-dependent material properties are limited to the range of room

temperature to 66°C where the maximum dip in the e↵ective coe�cient of thermal ex-

2
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pansion, ↵, is observed. The properties of the E-glass fiber (also collated in Table 2.2)

are Youngs modulus, Ef = 72GPa, Poissons ratio, ⌫f = 0.21, and coe�cient of thermal

expansion, ↵f = 4.9 x 10�6/°C and the properties of the matrix used as the bonding

material are Em = 3.38 x 105Pa, ⌫m = 0.49, and ↵m = 250 x 10�6/°C (as provided by

the suppliers- E-glass fiber- Azo Materials, Asia, and Silicone rubber- Dragon SkinTM

30, Smooth-On, Pennsylvania, USA). The finite element model of the composites is cre-

ated using a 4-node, quadrilateral S4R element that includes the large-strain formulation

with reduced integration. The model is defined as a composite in ABAQUS® by defin-

ing the equivalent mechanical properties for each layer, including the SMA layer with

temperature-dependent properties. The equivalent properties are calculated using the

Lamé’s constants and Halpin-Tsai equations as discussed in Chapter 5. A uniform tem-

perature field is applied to each sample individually, and the corresponding deflection of

the composite due to o↵set embedded phase-transformation of the SMA, and hence shape

memory e↵ect is recorded. The free-vibration response caused due to linear perturbation

is also studied at each temperature step.

We next carry out the multiobjective, single variable optimisation of Case 1 using

three di↵erent optimisation techniques- Multiobjective Particle Swarm (MOPS), Neigh-

bourhood Cultivation Genetic Algorithm (NCGA), and Non-dominated Sorting Genetic

Algorithm-II (NSGA-II) with no constraints at 66°C where the phase transformation of

SMA is completed, and the maximum deflection and frequency are observed. We then

compare the obtained results and narrow down our technique to one that is then applied

to the rest of the sample cases and optimum constraints. In the next section, we will

discuss the comparative study results of the three aforementioned techniques.

3
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(a) Case 1: A two-ply
unimorph with unidirectional

SMA

(b) Case 2: A four-ply
bimorph with cross-ply
reinforcement of SMA

(c) Case 3: A two-ply
honeycomb bimorph with

unidirectional SMA

(d) Case 4: A two-ply
reentrant-honeycomb bimorph

with unidirectional SMA

Figure 7.1: Schematic of SMA wire embedded composites- unimorph
SMAHC, bimorph SMAHC, and honeycomb/auxetic core SMAHC-

laminate configuration and dimensions (non-optimised).

7.2 Optmisation Technique Comparison Study

The problem is formulated as per the following optimisation function and constraints:

Objective Functions:

Maximize : |EF2(✓, t) � EF1(✓, t)|2

Maximize : Umag(✓, t)
(7.1)

Variables Bound:

Variable 1 : 0°(L)  ✓i  90°(U)

Variable 2 : 2.5 ⇥ 10�4(L)  tj  1 ⇥ 10�3(U)
(7.2)
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Where, EF1 is the first eigenfrequency of the composite beam corresponding to the

first bending eigenmode, EF2 is the second eigenfrequency of the composite beam corre-

sponding to the first twisting eigenmode, ✓ is the fiber angle orientation, t is the thickness

of the SMA ply lamina, and the indices i and j denote the variation of ✓ and t between the

lower and upper bound. The above optimisation problem has two to four design variables

depending upon the sample case, three conflicting nonlinear objective functions, and three

inequality constraints. Out of the three conflicting objectives, we merge two of them by

maximising the di↵erence between minimising first eigenfrequency and maximising the

second eigenfrequency, making this essentially a bi-objective optimisation problem.

For solving the above multiobjective shape and vibration control, and eigenmode de-

coupling problem, an intuitive optimisation approach is presented, in which the MOPS,

NCGA, and NSGA-II optimisation techniques are integrated with ABAQUS® for finite

element analysis. The population size and the number of generations are varied until

convergence is obtained, and the crossover probability is 0.9. This algorithm evaluates

the numerous combinations of the SMA fiber orientation (✓) and the SMA ply thickness

(t) to find the optimal combination of these parameters. The aim is to decouple bending

and twisting eigenmodes, which were observed upon numerical analysis by optimising the

thickness of the SMA ply and orientation of the SMA fibers. We simultaneously maximize

the deflection behavior making our structure functional for both shape morphing and vi-

bration damping. The temperature field is set to be constant, where it gives maximum

deflection, and the next iteration proceeds. ABAQUS® and its sister software iSight® are

coupled together, to form a bridge to transfer numerical analysis data from ABAQUS®

to iSight® and vice-versa.

Particle Swarm Optimisation (PSO) is a population-based metaheuristic, first pro-

posed by Kennedy and Eberhart (1995). Here swarm refers to the population size and a

particle is an individual member of the swarm. For a multiobjective PSO, first, the swarm

is initialised, followed by initialising a set of leaders with the nondominated particles from

the swarm. Then, for all the leaders, a quality measure is calculated in order to select a

leader for each particle of the swarm for every generation, and the flight is carried out.

After all the particles have been updated, the leaders’ set is updated, and their quality

measure is re-calculated.
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Figure 7.2: Comparison study of MOPS, NCGA, and NSGA II algorithm
when no constraints are proided. The desired optimised design parameters
lie in Section III of NSGA-II results as show in the figure. The selection and
application of constraint is based on the NSGA-II results.

In the Neighborhood Cultivation Genetic Algorithm (NCGA) technique [Kalyanmoy

(2001)], all objective parameters are treated separately, and the standard genetic mutation

and crossover operation are performed. The crossover process is formed on the ‘neigh-

borhood cultivation’ mechanism, where mostly between individuals with values close to

one of the objectives, the crossover is performed. Whereas NSGA-II [Deb et al. (2002)]

produces o↵spring’s using a particular type of crossover and mutation where according to

nondominated-sorting and crowding distance comparison, the next generation is picked.
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Figure 7.3: Basic structure and
sequence of the evolutionary al-
gorithm

We first evaluate the possible combinations with-

out constraining our system, and based on the

results, we constrain our system and obtain the

Pareto-Optimal front. Following are the sequence

of steps in the NSGA-II optimisation algorithm:

1. Setting the NSGA-II parameters- population

size, crossover probability, and a number of

generations.

2. Initialising the population.

3. Deciding the SMA fiber orientation angle and

the SMA layer’s thickness from the lower and

upper bound values of the design variables

for each population member. For the cur-

rent study, the SMA wires are modeled as re-

inforced fibers for the finite element analysis

(FEA).

4. The FEA is carried out for each population

member to obtain the deflection and natural

frequency within the given temperature range

in ABAQUS.

5. The obtained values are substituted back via

the Simulink bridge in iSight® into the NSGA-II algorithm.

6. Evaluation of the objective function and the

values of the constraints.

7. Performing nondominated sorting of the pop-

ulation and assigning front-ranking.

Further steps of the algorithm follow the generic steps of the optimisation problem,

such as creating o↵spring using selection, crossover, and mutation operators, combining

7



7.2 Optmisation Technique Comparison Study

parent and o↵spring population, calculating the crowding distance, and replacing the

previous parent population with the updated child population. Finally, until the defined

number of generations is reached, we reiterate the steps for the succeeding generation.

The results of the three techniques with the same set of objective functions and vari-

ables are shown in Figure 7.2. As can be seen, MOPS gives us a convex Pareto Optimal

Set, and the NCGA and NSGA-II give us disconnected Pareto Optimal sets. However, to

maximize both our objective functions, we need a technique that can give us a non-convex

Pareto Optimal set. The desired set of solutions was found in Region- III of the NSGA-II

Pareto solutions; we then constrain our problem accordingly to achieve the non-convex

set of solutions discussed in the next section.
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7.3 Results and Discussion

7.3 Results and Discussion

7.3.1 Case 1: SMA unimorph

In this case, we consider the SMAHC with a single layer of SMA reinforcement. Since

the SMA is embedded at an o↵set (refer Figure 7.1a), upon thermal actuation, the phase

transformation in the SMA causes it to contract to its parent Austenite state, and the

entire structure gives bending along the z-direction. We can intuitively observe that the

maximum deflection will be obtained in this case when the SMA fibers are oriented along

with the composite’s longitudinal direction. We first get the Pareto-optimal solutions for

the single objective optimisation problem by varying the SMA fiber orientation angle with

0°and 90°as lower and upper bound, respectively.

As shown in Figure 7.5 maximising the deflection, minimising the bending mode or

the first eigenfrequency, and maximising the twisting mode or the second eigenfrequency

gives an intuitive result. An increase in fiber orientation angle, ✓, and the thickness of

the SMA ply, t, gives the highest deflection at the minimum in orientation angle and at

an optimised almost center in the case of thickness. In case of the minimisation of the

first natural frequency corresponding to bending mode, minimum frequency was obtained

at increased SMA fiber orientation angle and decreased SMA ply thickness; whereas in

case of maximisation of the second natural frequency corresponding to twisting mode, the

maximum frequency is obtained at decreased orientation angle and increased ply thickness.

Hence, due to the contrasting behavior of the system, multiobjective optimisation of the

same is vital.

The finite element solution for this case with 0°✓ produces a maximum deflection in

the structure of 45.101 mm. We validate our result with our experimental observations

wherein a unimorph SMA-reinforced composite is fabricated with the given dimensions

and material properties. An average of 45mm deflection was observed in our structure

upon complete phase transformation of the SMA, as shown in Figure 6.5. The validation

of the numerical analysis has been discussed in Chapter 6.
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(a) SMA fiber orientation
angle vs Maximum deflection

vs Temperature

(b) SMA ply thickness vs
Maximum deflection vs

Temperature

(c) SMA fiber orientation
angle vs First eigenfrequency

vs Temperature

(d) SMA ply thickness vs
First eigenfrequency vs

Temperature

(e) SMA fiber orientation
angle vs Second

eigenfrequency vs
Temperature

(f) SMA ply thickness vs
Second eigenfrequency vs

Temperature

Figure 7.5: Single objective opmisation of the SMA unimorph for
maximising deflection 7.5a, and 7.5b, minimising first eigenfrequency 7.5c,

and 7.5d, and maximising second eigenfrequency 7.5e, and 7.5f.
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7.3 Results and Discussion

Figure 7.6: Pareto Op-
timal Curve for the
unimorph SMAHC sam-
ple case (Case 1), single
variable- ✓ with deflection
and decoupling bounds.

Figure 7.7: Pareto Op-
timal Curve for the
unimorph SMAHC sample
case (Case 1), multi-
variable- ✓ and t, with
deflection and decoupling
bounds.

We also give a linear perturbation to our structure to analyze its dynamic response.

Here, we observe numerically that both the first and the second natural frequencies are

at 41.79Hz, and the corresponding eigenmodes are symmetric-out-of-plane bending and

twisting, respectively. This makes our system chaotic as we will observe two modes at the

same frequency resulting in a complex mode. Hence, we decouple the frequencies by min-

imising the first and maximising the second natural frequency. The results corresponding

to the decoupling of frequencies and maximising the deflection are shown in Figure 7.6.
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We further observed that by a considerable change in the ✓ we were able to extract a

twist from the structure; however, by slightly changing the orientation angle to 1.43°from

0°, we were able to get almost get a 5Hz of frequency decoupling with a slight reduction

in bending performance to 37.20mm from 45.101mm (refer to Table 7.1).

We then carried out the same set of steps with both SMA orientation angle and SMA

layer thickness as variables and constraining our system to get a minimum of 30mm of

deflection. In this case, we get a set of Pareto-optimal solutions and an objective space,

as shown in Figure 7.7. In this case, we can slightly increase the deflection by almost

2mm by keeping the orientation angle the same as obtained in the single-variable case

and reducing the thickness by 0.03mm. A larger objective space allows us to choose our

input variables for even more sophisticated and accurate results. The non-convex Pareto-

optimal Solution that is obtained does not give linear relation of the variation in ✓SMA

and tSMA. The multiobjective optimisation problem, as stated in the previous section

is solved using the proposed integrated iSight-ABAQUS optimisation formulation. The

computation time for solving this problem on an Intel CoreTM i7 processor computer was

around 20 hours.

7.3.2 Case 2: SMA bimorph

Figure 7.8: Pareto Opti-
mal Curve for the bimorph
SMAHC sample case
(Case 2), multi-variable- ✓

and t, with deflection and
decoupling bounds.
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In the second case (refer to Figure 7.1b), the maximum deflection obtained from our

structure when analysed numerically is 0.5mm in the opposite direction. This reduction in

bending is caused due to orthogonal placement of SMA fibers causing a bending constraint

to each other. However, by changing the SMA fiber orientation angles for both the plies,

we experience a twist in the structure with subsequent decoupling of the modes. Hence,

the decoupling of the modes, in this case, was obtained at the expense of considerable

twisting in the structure. The high amount of twist gives a large deflection along the

z-direction; the applications with the given ply lay-up are confined to domains where

twisting of the structure is either required or can be neglected.

7.3.3 Case 3: SMA bimorph with honeycomb core

In this case, the SMA fibers are placed along the longitudinal direction of a honeycomb

core. The honeycomb core gives the structure a saddle-shaped deflection caused due to

the contraction in the SMA upon temperature increase. This bimorph deflection behavior

can be utilised where the active shape morphing requires an overall negative Gaussian cur-

vature. Similar to the previous cases, a significant di↵erence in the SMA fiber orientation

angle from 0°can cause a significant twist in the system. Hence, to maintain a bimorph

bending without noticeable twisting with the decouple natural frequency, we select the

Pareto-optimal solution with the least ✓ variation. The saddle shape is a limiting case

of the inner surface of the Torus structure. Shape control of such skewed composites is

useful in applications like controlling the shape of the airfoil and torus-like structures.

7.3.4 Case 4: SMA bimorph with auxetic core

Lastly, we apply the NSGA-II optimisation to the SMA reinforced bimorph with the

reentrant-honeycomb (auxetic) core. The SMA fibers are placed along the longitudinal

direction of the auxetic core and thermally actuated. The maximum deflection and the

first and second eigenfrequencies are recorded after the SMA phase transformation. The

optimising technique is applied at this temperature to maximize the deflection and the

second eigenfrequency and minimize the first eigenfrequency, thus decoupling the two

frequencies. Similar to previous cases, as we maximize our decoupling, we experience
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a twisting in the structure; however, keeping the ✓ variation between 0°to 90°keeps the

twisting minimal with considerable decoupling. Figure 7.10 gives the Pareto Optimal set

of solutions for this case where a large amount of decoupling can be seen as the structure

experiences twisting. Table 7.1 shows the shift in the deformation and eigenfrequency

data with a slight change of ✓ from 0°to 0.85°.

Figure 7.9: Pareto Op-
timal Curve for the bi-
morph SMAHC with hon-
eycomb ply sample case
(Case 3), multi-variable- ✓

and t, with only deflection
bounds.

Figure 7.10: Pareto Opti-
mal Curve for the bimorph
SMAHC with reentrant-
honeycomb ply sample
case (Case 4), multi-
variable- ✓ and t, with only
deflection bounds.
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7.4 Summary

Case no. Non-Optimised
Optimised

Deflection

(along z-direction) mm

First Eigenmode

(Bending) Hz

Second Eigenmode

(Twisting) Hz

1

✓= 0°

t= 0.54mm
45.10 41.79 41.79

✓= 1.43°

t= 0.61mm
37.20 38.02 43.82

2

✓1= 0°

✓2= 90°

t1= 0.54mm

t2= 0.54mm

-0.49 38.47 38.49

✓1= 10.8°

✓2= 40.4°

t1= 0.97mm

t2= 0.97mm

27.7 36.10 45.93

3

✓= 0°

t= 0.54mm
19.73 24.73 75.38

✓= 0.18°

t= 0.5mm
20.36 24.54 51.74

4

✓= 0°

t= 0.54mm
20.11 26.67 40.29

✓= 0.85°

t= 0.63mm
19.68 26.53 39.71

Table 7.1: Optimised vs non-Optimised deflection and eigenfrequencies for
the four sample cases.

7.4 Summary

In this chapter, we have presented the comparative study of MOPS, NCGA, and NSGA-II

optimisation techniques for a multi-variable SMA reinforced composite showing unimorph

bending upon SMA thermal actuation. Subsequently, we have carried out three optimi-

sation studies corresponding to the maximisation of compliance and fundamental natural
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frequencies in bending and torsion. This is further treated as multiple objective prob-

lems to maximize the deflection of the unimorph and separating the band gap between

bending and twisting mode. The active shape and vibration control, as well as the eigen-

mode decoupling, is formulated as a multiobjective optimisation problem. An algorithm

has been proposed based on population eigenmodes used to evaluate the variable bounds

of the objective functions. The convergence of the obtained Pareto Optimal solution is

validated by comparing it with single-objective solutions of the same problem. The suc-

cessful validation of the finite element model against the experimental response values as

shown in Chapter 6 is also discussed here. The optimisation study concludes the research

work under the domain of this dissertation. The disconnected Pareto regions found in

this study can be utilised to choose our variable bounds and functional constraints if any,

depending upon the optimisation function.

The major contribution of this chapter to the thesis is the decoupling of complex

eigenmodes we observed in SMA unimorph and bimorph structures corresponding to

the first eigenfrequency. This study further allows us to interchange the corresponding

eigenmodes of the eigenfrequencies depending upon requirement and condition. Overall,

this chapter concludes the exploration of SMA embedded composites and the study of

maximising deflection behavior by optimising the structures. An optimised structure is

of considerable significance in finding the required combinations of SMA unimorph, SMA

embedded with honeycomb, and with reentrant honeycomb core for obtaining the three

major torus Gaussian curvatures hence making this study an essential component in the

completion of this dissertation.
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Chapter 8

Conclusions and Future Work

Overview

This dissertation presents a set of novel SMA-based composites for application in con-

trolled deployment and rigidisation of structures. The bimorph anticlastic and synclastic

shape morphing behavior upon SMA actuation sets the composites apart from the con-

ventional composites. Further, the ability to optimize and actively control the shape and

natural frequency of the structures by varying the fiber volume fraction and SMA fiber ori-

entation angle give us the scope to advance the application domain of the active SMAHCs.

To quantify the hypothesis, we begin with the experimental analysis of the thermoelastic

and free vibration response of the unimorph and bimorph SMAHCs. Following this, we

model the SMAHCs using the finite element method and, upon validation, extend the

study to honeycomb and reentrant honeycomb-based SMAHCs. We conduct a thorough

parametric study to expand our understanding of the impact of input parameters on the

sti↵ness and eigenfrequencies. This parametric study serves as a strong foundation for

the multi-objective, multi-constraint optimisation study using the Nondominated Sorting

Genetic Algorithm. The entire work gives a well-founded design output for the deploy-

ment and rigidisation of a flexible structure. A part-wise summary and major findings of

the dissertation is collated in the following sections.
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8.1 Part I- Experimental analysis of Unimorph and

Bimorph SMA Hybrid Composites

• The thermoelastic response and the free vibration response of the composite have

been analysed through experiments.

• Bimorph bending of the structure in two-layer SMA reinforcement has been observed

using single-point laser sensor and image processing techniques.

• Dependence of deflection on the current causing Joule heating has also been realised.

The heating of the SMA wire is controlled through current applied; however, the

cooling of the SMA after actuation is allowed through the heat-dissipating to the

environment at room temperature. A study based on controlled cooling is envisaged.

• A maximum of 45mm of deflection is obtained from the unimorph, and 22.7mm from

bimorph (when top-layer actuated). Since the bimorph deflection behavior, in this

case, is slightly less than intended, we propose honeycomb and reentrant-honeycomb

core-based SMAHCs.

• To study the e↵ect of separate and coupled SMA layers actuation on the vibration

response, the bimorph SMAHC is actuated accordingly. For this, we considered the

actuation of top and middle layers separately and then connected them in series and

parallel and observed the change in natural frequency.

• The minimum frequency upon complete phase transformation was observed in the

case of the series connection of 36.25Hz and the maximum in case of mid-layer

of SMA actuation (90o) of 48.75 Hz. The series connection of the SMA wires in

the two layers contributes to increased resistance, thus lowering the performance of

the composite corresponding to that case. The viscoelastic behavior of the polymer

matrix also influences the natural frequency of the system upon a critical rise in tem-

perature. The polymer softening causes an overall reduction in natural frequency;

however, it increases the bimorph bending magnitude.

• The major contribution of this part to the thesis is forming the exper-

imental foundation for the numerical and optimisation problem in the
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latter parts. The sudden drop observed in the coe�cient of thermal ex-

pansion upon thermal actuation of SMA was an interesting observation

and is attributed to the phase transformation of SMA from Martensite

to Austenite. The considerable di↵erence between the yield strength of

the E-glass fiber and E-glass fiber reinforced silicone matrix was found to

be caused due to the fracture but longstanding embedding of the fibers

in an elastic medium. The experimental analysis- shape morphing and

vibration analysis- gives us vital insight into utilising bimorph behav-

ior and natural frequency variation. This highlights the utility of the

SMA in producing not only saddle shape upon bidirectional embedding

in composites but also the combination of actuation of these SMA plies

to help us manipulate the natural frequency of the structure. We, hence,

were successfully able to derive the required zero and negative Gaussian

curvature for our envisioned torus structure from the smart composites

fabricated, experimented upon, and discussed in this part of the disser-

tation.

8.2 Part II- Numerical analysis of Unimorph and Bi-

morph SMA Hybrid Composites

• The numerical models for four sample cases- (a) Unimorph SMAHC, (b) Bimorph

SMAHC, (c) Honeycomb core SMAHC, and (d) Auxetic core SMAHC, are discussed

in this section.

• Deflection result for the Unimorph SMAHC is validated against the experimental

results, and further models are built on the validated result model.

• The mono-clastic, anticlastic, and synclastic bending behavior of the SMAHCs are

observed, and the e↵ect of parameters on the bimorph behavior is also discussed.

The tip deflection of the honeycomb core and auxetic core is similar when observed

for 0.9 strut fiber volume fraction and at 60°reentrant angle, but varies considerably

for 0.7 strut fiber volume fraction at reentrant angle 30°. No lateral deflections are
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observed in the bimorph SMAHC and honeycomb/auxetic core composites. Since

the structure undergoes large deformation under thermal actuation, investigation of

inter-ply shear, interlaminar slipping, and delamination using a cohesive approach

are of interest for future studies. The mode shapes are reported at 66°C where the

phase transformation for the SMA completes.

• Maximum deflection of the honeycomb bimorph was found to be 19.73mm, and that

of auxetic was found to be 20.11.

• Two new classes of lightweight composites are presented to achieve bimorph behavior

with single layer SMA embedding.

• Parametric study showing the e↵ect of input parameters on the bending and vi-

bration response of all the sample cases is also discussed. We successfully remove

the dependence of multiple layers of SMA reinforcement for bimorph behavior by

utilising the honeycomb and auxetic cores. This remarkably reduces not only the

weight and sti↵ness of the structure but also the complexity of our system, allow-

ing us better structural and vibration control. It is envisaged that these studies

will enable us to optimize the design of the composite structure against maximum

deflection, decoupling of modes, and desired curvature generation. This model will

pave the way for the experimental development of a self-rigidizable SMA reinforced

composite structure.

• The major contribution of this part to the thesis is the formulation of

the numerical model, a digital twin, of the SMA unimorph and the SMA

bimorph composites fabricated in the previous part. This study was

then extended to obtain anticlastic and synclastic surfaces through SMA

embedded composites with honeycomb and reentrant honeycomb core.

These novel smart composites form vital elements of the torus structure

as they give negative and positive Gaussian curvatures upon bending due

to SMA actuation. Hence we were able to obtain structures pertaining

to our requirement of the major curvatures in a torus. The parametric

study that follows the thermoelastic and the vibration analysis of these
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structures gives us an understanding of the variations in the bending be-

havior and the eigenfrequencies subject to varying SMA volume fraction,

SMA fiber orientation, and in the latter analysis concerned with SMA

embedded composites with honeycomb and auxetic core with varying

lattice or reentrant angles. This part, hence, concludes by obtaining the

required elements of a torus structure.

8.3 Part III- Structural Optimisation of Unimorph

and Bimorph SMA Hybrid Composites

• In this section, we present the optimisation study of the SMA embedded unimorph

and bimorph samples. We start with a comparison study between three popu-

lar multi-objective optimisation algorithms- MOPS, NCGA, and NSGA-II for our

multi-variable system with no constraints. Based on our results and the deduced in-

ferences, we select NSGA-II for our optimisation problem and select the constraints

accordingly.

• Subsequently, we have carried out three optimisation studies corresponding to the

maximisation of compliance and decoupling between fundamental natural frequen-

cies in bending and torsion. Through our observations from previous sections, we

find the first and second eigenfrequencies of the unimorph and bimorph SMAHCs

to be coupled, or in other terms, complex and coupled modes are observed at the

first natural frequency.

• The decoupling of the eigenfrequencies of the two sample cases was successfully

achieved along with the maximisation of the deflection of the structures.

• It was found that with slight changes in the input parameters- fiber volume fraction

and fiber angle orientation, a considerable amount of improvement in the output-

bimorph deflection and natural frequency, can be attained.

• We were able to see an almost 57 times increase in the deflection of the SMA bimorph

and decoupling of eigenfrequencies by 10 Hz, by changing the SMA fiber orientation
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angle from 0°to 11°, and 90°to 40°, and thickness from 0.54 mm to almost 1 mm.

• An algorithm has been proposed based on population eigenmodes used to evaluate

the variable bounds of the objective functions. We validated the convergence of the

obtained Pareto Optimal solution by comparing it with single-objective solutions.

• The major contribution of this part to the present dissertation is the

optimised elemental smart composites for the envisaged torus structure.

Apart from this, the complex eigenmodes observed in the previous part

were successfully decoupled in a manner such that this method can be

utilised to interchange the eigenmodes corresponding to eigenfrequencies

by vaying the variables and their bounds. This unique algorithm thus

allows us to shift the frequency range as well as interchange eigenmodes

of any SMA embedded composite. Another component of this analysis,

the maximisation of bending behavior, paves the way for variable sizes

of toroidal components by optimising the structure as per the current

requirement.

8.4 Future Scope

The present study has designed a strong foundation for smart auxetic composite struc-

tures. The versatility of the work to produce multiple Gaussian curvatures by changing

the reentrant angle of the honeycomb and reentrant honeycomb (auxetic) core is the major

contribution of this work to the evergrowing field of smart structures. There are several

application-based research that we envisage to be conducted based on this study. The

first and foremost is the design of a toroidal semi-flexible structure, as discussed at the

beginning of this thesis. The plan to obtain this shape has been shown in Figure 8.1

wherein the three major Gaussian curvatures- positive, negative, and zero are attained

through the suggested designs in the thesis, and these elements are combined to obtain

the complete structure.
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Figure 8.1: A sequential representation of the steps involved for the design of
SMAHC based torus for controlled shape control of deployment and rigidisa-
tion process.

Another prime application for these structures is as active shape morphing resonators

on a tunable metamaterial beam. Previously simple bending SMA resonators have been

studied Candido de Sousa et al. (2018); however, the e↵ect of twisting and bimorph

bending of resonators has not been considered. A great deal of parametric study can

be carried out under this work, and the bandgap can be actively tuned and controlled

by optimising the input parameters such as the phase transformation temperature of the

embedded SMA, SMA fiber orientation angle, reentrant angle, and fiber volume fraction.

With increased input parameters, a wider range of regulating output will be observed,

thus expanding the scope of research. We would like to explore the area of Vortex-
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induced Vibrations observing the change in the pressure distribution on the body by

actively modifying the natural frequency of the structure as studied in Chapter 4. The

fabrication and testing of the optimised SMA auxetic and honeycomb bimorphs are vital,

and we propose it as an extension of our work.
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